stichting
mathematisch
centrum MC

AFDELING TOEGEPASTE WISKUNDE TW 142/74 JUNE

J.W. de ROEVER

FOURIER TRANSFORMS OF HOLOMORPHIC FUNCTIONS
AND APPLICATION TO NEWTON INTERPOLATION SERIES, |

2e boerhaavestraat 49 amsterdam




Printed at the Mathematical Centre, 49, 2e Boerthaavestraat, Amsterdanm.

The Mathematical Centre, founded the 11-th of February 1946, is a non-
progit institution aiming at the promotion of pure mathematics and Aits
applications. 1t 4s sponsored by the Netherlands Governmment through the
Netherlands Onganization for the Advancement of Pure Research (Z.W.0),
by the Municipality of Amsterdam, by the University of Amsterdam, by
the Free University at Amstendam, and by industries.

AMS (MOS) subject classification scheme (1970): 32407, 41A05, L6E10,
46F05, 65D05




ier transforms of holomorphic functions and application to Newton

rpolation series I

de Roever

RACT

In this paper we consider spaces of analytic functions. Our main

is the theofy of Fourier transformation for generalized functions.
spaces of analytic functions we are interested in are Fourier trans-
s of some spaces of generalized functions. The analytic functions don't
to be entire, but they are holomorphic in tubular radial domains.
relation between the support of a generalized function and the expo-
ial growth at infinity of its Fourier transform is pointed out. We
this to derive the Newton interpolation series for a wider class of
tions. For that purpose we introduce the dual space of the space of
ralized functions. K

A subsequent paper (part II) will deal with analytic functions being

ier transforms of analytic functionals.
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ITRODUCTION

In [3] Kioustelidis derives the Newton interpolation series for en-
functions by means of Fourier transformation. E.M. de Jager suggested
using a Paley-Wiener-Schwartz type theorem one would apply the same
)d to non-entire functions. In this paper this suggestion is worked
Further, attention is paid to the spaces of holomorphic functions,

1se they are important in partial differential equations related to
sum physics. For that purpose the above-mentioned theorem, that can
und in [11]), is generalized somewhat, while a more fundamental gen-
zation will appear in part II.

First we define the Newton interpolation series. Let f be an entire

ion; for any vector h e c” Taylor expansion yields

0 k
r(zwn) = ] BPL p(p) 2L o (nop) £()
k=0 '
D the wvector (5%—,...,5%—). For s € C we can formally write
1 n

f(z+ish) = exp (isheD) £(z) = (exp ih-D)° £(z) =

oo

(140,05 £(z) = ] ()

= i f(z) (Newton series),
k=0
def . _ .
Aih == exp (ih*D) - 1, so that Aih f(z) = f(z+ih) - f(z) and
k X k k-m
Ao £(z) = ) () (=1) f(z+imh).
ih =0 m

olynomials (;)

ly the factor i is deleted in (1.1), but in this paper it will appear

s(s=1)+++(s-k+1)/k! are the Newton polynomials pk(s).

convenient to use formula (1.1) for the Newton series.
The Newton interpolation series (1.1) has been studied for example
] and [4]. In [1] the series has been derived for entire functions
e complex variable, while in [4] these functions are holomorphic in a

space only. Recently formula (1.1) has been proved rigorously for




entire functions in several complex variables of exponential growth by
Kioustelidis in [3]. In this paper we will use the same method as
Kioustelidis, namely Fourier transformation. In our case, however, the
holomorphic functions don't need to be entire, it is sufficient that they
are holomorphic in tubular domains.

In order to prove formula (1.1) we apply Fourier transformation to
the formal operator exp iheD and obtain the function e_hc. We restrict
ourselves to functions f having a Fourier transform g with support K such
that the series

(1.3) (5) (e7Be_p)k

Il o~ 8

k=0

onverges for every ¢ € K. K may be a real subset of R" or a complex sub-
set of €. In the first case, which will be treated in this paper (part I),
z is a generalized function and we will write £ instead of z. In the second
case, which will be treated in part II, g is an analytical functional
:arried by K.

We will give several spaces of functions holomorphic in tubular radi-
11 domains and the spaces of their Fourier transforms. They are topolo-
sized in such a way that Fourier transform is a topological isomorphism.
loreover, we will consider the dual spaces of the spaces of Fourier trans-
‘orms; it is in these dual spaces that the series (1.3) should converge.
le will determine the conditions on which the Newton series is valid for
10lomorphic functions belonging to one of these spaces and we will give
'he topology in which the series converges. In some of the spaces one may
lefine the distributional boundary value on the distinguished boundary of
‘he domain of holomorphy and it turns out that the Newton series is valid
n distributional sense on the distinguished boundary. Several properties
'f the spaces, like nuclearity, are mentioned. These properties are not
trictly needed for the proof of the Newton series, but they may be im-
ortant for other applications, like tensor products and representations
f kernels.

Section 2 contains a survey of notations, definitions and preliminary

heorems. Sections 3 and L4 are devoted to the well-known case of entire




tions of polynomial growth in |Re z| and of exponential growth in

z]. This is a special case of entire functions of exponential growth
z], which will be considered in part II and which has been treated by
stelidis in [3]. However, we get a slightly stronger result on the
srgence of the series (1.1). In section U4 formula (1.1) is derived
the aid of the theorem of Paley-Wiener-Schwartz, which is treated in
ion 3. In section 5 we give some properties of the series (1.3) and
1ss possible generalizations of the results of sections 3 and 4. The
1ential growth at infinity of a holomorphic function f determines the

ort of its Fourier transform g, which is compact as long as f is en-

Sections 6, 8 and 9 deal with functions f holomorphic in tubular
1l domains. Now the support of g is no longer compact. In section 6
5 a distributional boundary value in S', the space of tempered distri-
»ns. Furthermore section 6 describes the topologies of the spaces of
functions and of its Fourier transforms g. We will also consider the
space of the last one. In section T the Newton series (1.1) is de-
1 for the functions f of section 6. The holomorphic functions f of
ion 8 only have limits to the distinguished boundary in Z', the
ler transform of the space D' of Schwartz-distributions. Moreover,
lon 8 describes the Fourier transforms g of such functions f. In sec-
9 the topologies of the spaces of the functions f and distributions
> given. Finally section 10 treats the Newton series for these func-

s T

JTATIONS AND PRELIMINARIES

We denote byﬁRn the real and by ¢” the complex n-dimensional vector
space; we denote the components of z e En by zj and write z = x + iy

LLou )

with x and y in.Rn; dx dy means dx1...dxndy1...dyn. For u = (u1,.. N

and v = (VT""’vn) in R" or € we mean by u-v the product

W Vot tu VoG the product of a vector u in R" or c% by a scalar A is
denoted as Au. The norm of a vector u in R and z in C" is

[lul]l= Yu-u and |lz||= Vz+2. If u € Rn,ﬁ will be the unit vector

u/ |lul]l in the direction of u. With o a multi-index o = 0%""’an) we




A.3.

AL,

A.5

1.6.

o @ OLn
write u for u u o,
1 n
a,+...+o
n
o o ° 1 1 '
D" or D for s lo| for a.+...+0  and a! for a, !...a !';
X o o 1 n 1 n
1 n
ox ox
1 n

by u2 we mean u-u. If ¢ is a real constant, then ¢ is the vector

(cyere,c) in R".

If V c R or C" is an open set, we denote its closure by V, its
complement by V©, its boundary by dV and its comvex envelope by 0(V).
If V is relatively compact we write V —R". By TP we mean the tubular
domain R™ + iB in C".

A cone C in R" is defined by requiring that y € C implies Ay € C

for all X > 0. Each cone C defines a set pr C, the projection of C,
on the unit sphere S in R" by por C={y|ly e Cand ||lyll= 1}. On S

we take the topology induced byIRn and the topology of pr C is deter-
mined as a subset of S. It is clear that a cone C #IRH is open if and
only if pr C is open and 0 ¢ C. The dual cone C* of a cone C is de-
fined by c* = {¢ly-g& 20 for all y € C}. We call a cone C' a rela-
tively compact subcone of the open cone C, denoted by C' «—C, if

pr C' c pr C.

In the sequel C will be an open convex cone inIBn and {C } . a se-

k k=1
quence of open relatively compact subcones of C with Ce C::Ck+1 « C
for k=1,2,... and k§1 Ck = C. We denote by 0y the minimum distance

of opr Ck to 9pr Ck+1 in radials and dk = sin a, .

If a(y) is a continuous function on pr C, we will denote by a(y) the
function ||y || 2(¥), which is homogeneous of degree 1 on C. When this
last function a is convex, that means, for all Yis¥5 € C and

0< <1, é()\y1+(1—)\)y2) < A é(y1) + (1-1) é(yg), we also call the

function a on pr C convex.

Let E be a topological vector space, then E' will be the strong deal

and <.,.> the bilinear form defining the duality between E and E'.




e give some definitions of function spaces, which can be found
oka [12], except the spaces in B.2 and B.3. Let O c R" be open

a positive continuous weight function on O.

pace Wz(M,O) is defined as the set of C" functions ¢ on O for

o
H

e

sup M(£) | D*¢(E) | < =.
£eO
lo| <m

1l

[+ ]l as norm Wm(M,O) is a Banach space; we also write || - ||
m (o]

m,0
1e norm. Sometimes M 1s labeled: M = Mp and we denote the norm
. P 1 1 . = N . P If
“m or if O is labeled too: O O%; by || Hm,lor Il ”m,l'
= m we just write |I-[Im,m = ll.”m,m = |I-Hm.

>t M be continuous and positive on O. Then we define Wi(M,G) as
ibspace of Wf(M,O), for which ¢ € Wﬁ(M,O) and its derivatives

1 0 can be extended to continuous functions on O. Wz(M,G) is a

1 linear subspace of Wg(M,O), so it is a Banach space with the
ziven in B.1.

ibspace Wz O(M,@) of Wﬁ(M,@) is defined in case 0 is not compact
>

» requirement that
lim _ M(g)D%¢(g) = O for |a| < m.
g>0,Ee0

subspace is closed, so that Wi O(M,@) is a Banach space with the

b
riven in B.1.

w Q< € be open and M a positive continuous weight function on

define Aw(M,Q) as the set of functions holomorphic in Q for

I £1l= sup M(z) | £(z)| < .
VAZY)

his norm A_(M,Q) is a Banach space. If M is labeled: M = M we




lenote this norm by l]-]fn and if moreover Q = Qk’ by || - Hi

'e can identify Wﬁ O(M,@) with a closed linear subspace of
b

”a’SmCO(G) by means of the map ¢ - (MDQQ)kﬂSm. With the aid of the

heorem of Hahn-Banach we can describe the continuous linear func-

ionals f on the space Wf O(M,ﬁ):
3

¢ € W§’O(M,6): <f,0> = ) Ja M(g) D%¢(g) au(¢)

la|<m

ith Hy bounded Radon measures in O for |a|< m and

lhel=" 3 J_ lau ()]
0

|a]<m

ee [7] V, §18.5.5. The norm dual to the norm of Wz O(M,G) is

2

f = inf

1E1L,= ine el
o

1ere the infimum is computed over all representations of the form
- : O0/= 1
= (g,) lal<m Vith &, e (C7(D))".
1 what follows we discuss some properties of the identity map be-
7een several W- and A-sﬁaces, which again can be found in Wloka [12],
xcept C.2. Strictly, the identity maps are restrictions from functions
1 a large domain to a smaller domain and they are not necessarily in-

active. Let O2 c 0, cR" pe open sets, m < 1 and M, (&) > M2(£) for

1 1 -
€ 02.

le identity map: Wﬁ(M1,O1) +-Wi(M ,0.) is continuous.

2’72

', morevoer, 52 < 0,5 M, is continuous and positive on 51 and M, on
,» and

lim M, (g)/M (g) =0,

en the following identity maps are continuous:

(1,,0,) > W20,,8,) > W7 (M,,5,) > Wa,,0,) > Whuy,0,).




Similarly to C.1 continuous identity maps exist between A-spaces;
here they are embedding maps, that is injective, for a holomorphic
function is determined by i1ts values on an open set in c”. Let

n
2, € < € be open sets and M1(z) > M2(z) for z ¢ 2.
Q
9

The embedding Aw(M Q.)c +-Am(M ) is continuous.

1771 2272

Let E and F be two locally convex Hausdorff spaces. A linear map from
to F 18 called compact if it transforms an open neighborhood of zero
into a relatively compact set of F. If E is a Banach space, this

3 that it must transform every bounded set into a relatively compact
We now give conditions in order that the identity maps in C.1 and

we compact. We suppose m > 1.

If there are open relatively compact subsets Kk of O2 with for

= K ) = . .
k=1,25... Kk c Kk+1 c O2 and LkKk O2 and if for all € > 0 there 1is
a k(e) such that, for all £ ¢ 0, \ Kk(e), Mz(g) < g M1(g),

then the identity map from Wi(M 01) into Wi(M ,0

1 is compact.

2 2)

By the same reasoning as in [12] one can proof that in C.4 the con-

dition Kk < K ,, can be replaced by Kk c O1lfor all k=1,2,...

_ . = n .
If 92 = Uksk with Sk c Sk+1 c €, where the sets Sk are open relatively

compact subsets of @, .and if for all € > O there is a k(e) such that,

2
for all z € 92 \ Sk(e)’ M

Aw(M1,Q ) into Am(MQ,Q

2(z) < e M1(z), then- the embedding from

1 2) is compact.
As 1n C.5 we can replace the condition Sk c Sk+1 in C.6 by Sk c 91
for all k=1,2,...

We consider a special case, namely when M(Z) is equal to

M, () = (el 18

a,

where a and b are two real numbers, not necessarily positive.

Let F be a closed convex set in R . Then according to Whitney [9]
each function ¢ € W2(1;F) (see definition B.2) is a c®—function on

the closed set F. In that case ¢ can be extended to a Cm—function Y




on Rn, which is bounded together with its derivatives on an open
neighborhood U of F, see Whitney [10]. Thus the restriction map from
Wi(T;U) into W2(1;F) is surjective. Then according to the open mapping
theorem (see [8]) a constant K > 0 exists such that for all
¢ € W§(1;F), there is a € W§(1;U) with D“¢(g) = D%¢(&) for € ¢ F,
lal < m, and with ”“’”m,u <K n¢||m’F. 1) |

When all Da¢, a such that |a|= m, are uniformly continuous on F
(see [9]), we can take for U an arbitrary open e-neighborhood UE of
F, see [10]. 2) In that case there exists a C -function o onIRn, equal
to 1 on F and to 0 outside Ue’ whose derivatives are bounded onIRn.
Multiplying ¢y by o we get an extension ¢ = oy of ¢, that is bounded

on R" just as its derivatives. For example a function ¢ € Wo _ (1;F)

co’O
and its derivatives Da¢, o] < m, are uniformly continuous on F.
Furthermore the construction of ¢ in [10] shows that also D%y ap-
proaches zero as § tends to infinity inside Us’ so that ¢ belongs to

Wz 0 (1;R"). Thus the restriction map from Wﬁ 0 (1ﬂRn) into W: (1;F)
9 3

0
b
is surjective and again it follows that there is a constant K such

that

1o 1L, g < Klo 1l -

On Wi(Ma’b;U) the norm
ol = sup  (1+11g 1)%° TE T n%g ()
EeU, | <m

is equivalent to the norm

sup %1+ g 1) %2 e g(ey .

EeU, lo|<m

See [6], p.98, for more general conditions on F, under which

IIwIEhl’U < KI|<1>Hm,F for some nonnegative 1 < m depending on F.

The uniform continuity is not necessary, see [11].




Also the assertion

1im (1+ e 1) 22 e pg(e) = o
>0, EeU

for all o with |a|<m is equivalent to the assertion

1m0+ le 1) 2P e 4(e) = 0
g0, EeU

for all o with Ja|< m. Therefore we can conclude that the restriction

nap

M s W (M

F
oo,O )

I: W' (M ;R

©,0' a,b a,b’

is surjective, so that there is a K > 0 with

1ol go < Nelly ¢ - )

ience there is a continuous right-inverse map J of I, J¢ = ¢ and

[eJ¢p = ¢, from Wi O(M F) into Wﬁ O(M ﬂRn)

a,b; a,b

"rom D.1 it follows thgt for any bounded set B in Wi,O(Ma,b;F) there
ls a bounded set B, in Wi’o(Ma,bﬂRn) with IB, = B, namely

31 = {x|x = J¢,¢ € B}. Thus the image under the transpose map I' of
she open set V = {f l | < £,6 > | < €,¢ € B} in (wi,o(Ma,b;F)>' is

'V o= {g I geImI', |<g,x> | <e,xe B1}, which is open in

OOQO a"

W (M b;IfB)'rwImIf Since I is surjective, I' is 1 - 1 and
W M cF))1 3 . Riete U
@,O( a,b’ ))'is a closed linear subspace of (Wz,O(Ma,b;R ))

lemark. In fact the surjectivity of I implies that Im I' is weakly
:losed (see [8, theorem 37.2]) and from this it follows that

Wi O(Ma b;F))' can be identified (by means of I') with the subspace
b 2
I"(r) of (Wﬁ O(Ma bﬂRn))' consisting of the elements with support in
b b
. Indeed, W'(F), which is defined as those f in (wf O(Ma bﬂRn))' with
9 2

iee [11] for the space Wfi(Mm O;F); also there, more general conditions
b

m F are given in order that |l¢lhn—lJRn <Kll¢ ”m,F'




> = 0 for all ¢ in Wﬁ O(M sRY) having their support in FC, also
b

nishes on the closure of th:,:pace of such ¢, which is Jjust Ker I.
en according to [8, prop. 35.4] W'(F) is the weak closure of Im I'.
So we see from B.5 that the elements of (Wi,O(Ma_bERn))' with
pport in F can be represented as derivatives of measures in F. This

not true for general sets F.

t 61 be a convex closed set and O2 a subset not necessarily open,

ntained in or equal to O,. Further, let M, =M_ . and let M, be a

»b 2
, such that for all € > 0,

sitive continuous weight1function on O2
ere is a R > 0, so that,for all £ e 0, with |lgll =2 R,Mg(g) < eM1(£).
r example M2 = Mc,d with ¢ < a or 4@ < b. Then according to C.5 the
striction map I from Wi’O(MTQRn) into wi,O(M2;02) is compact (m>1),
cause Woo p~Spaces are subspaces of Wm—spaces. Hence also the restric-
(M, ;0

3
on map IoJ from Wf O(M1;61) into Wi is compact. Thus for
3

,0tMp30,)

closed and convex and M, = Ma we have found a more general con-

1 ,b
tion for the map in C.6 to be compact.

will need the following two theorems about compact mappings; they

1 be found in [2].

hauders theorem): If the map T: E > F (E and F are normed spaces)
compact, then the transpose map T': F' -+ E' between the strong

1ls is compact too.

:ompact map between normed spaces transforms weakly convergent se-

:nces into convergent sequences.

Further we will need two theorems, one is the form of the Banach-
*inhaus theorem given in [11] and the other is Bochner's theorem,

.ch can be found in [11] too.

a sequence of linear continuous functionals fn on a Banach space B

;h norm || - ”m has a weak limit on a dense subset of B and if the

ms

I<f ,¢> |
I Il _ = sup ———
n m

< C for all n,
-m ey el




11

then the sequence converges weakly to a continuous linear functional

on B.

[f a function f is holomorphic in the tubular domain TB =R" + iB with
B an open connected set inIBn, where n 2 2, then f is holomorphic in
the convex envelope O(TB) =R" + i0(B) too.

Je give some properties of countable projective and inductive limits,
vhich can all be found in [2]. We only consider inductive limits that

ire composed of spaces injectively embedded in each other.

set {Em};=1 be a sequence of locally convex Hausdorff spaces and

Tmp: Em -> Ep be continuous maps. In case for each p there is am > p

such that a map ﬂmp exists, the projective limit E = proj limm Em is

lefined as the subspace of M, E for which m__om = 7 , Where m_ is
1T ™m mp P 9]

;he projection ﬂﬁ Em > Ep, provided with the relative product topology,
shat is the least fine topology such that all the maps L E ~» Em are
rontinuous. In case for each m there is a p > m such that nmp exists
ind is injective, we define the Znductive 1imit E = ind limm Em as

i = U1 Em provided with the finest locally convex topology such that
;he embedding maps o Em -+ E are continuous; here we consider Em as

L subset of Ep so that(ﬂpowmp = Mo
'he projective limit of complete spaces is itself complete and a pro-

lective limit of Banach spaces is a Fréchet space
loth, projective and inductive limits, are Hausdorff spaces.

. continuous map T from a locally convex space F into proj limm Em is
ontinuous if and only if all the maps anT from F into Em are con-
inuous. A continuous map T from ind limm Em into a locally convex
pace F is continuous if and only if all the maps Tonm from Em into F

.re continuous.

'rom F.4 follows: if E = proj lim_ E_and F = proj lim F_both are
m m m m

rojective limits (if E = ind limm Em and F ind limm Fm both are

nductive limits) and if for infinitely many m continuous maps

E > F s exist, where m' < m (m'>m) depends on m, such that
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-
o\

-
-

'.10.

J1.

J2.

Ja3.

b

Ja5.

Tom =m , 0
b mp m'p

maps Tm induce a continuous map from E into F.

T,» wvhere p <m and p'< m' (p>m and p'>m'), then the

. From F.5 follows: if E = proj limm E (E = ind limm Em) and if for all
m

1=1,2,... locally convex spaces F. and continuous maps Sl: Ep > Fl and

1

: 1 1 > > =
T): F) > E exist withp212m (p<l<m), such that - T,°S,, then

also E = proj 11ml Fy (E = ind lim, Fl)'

. From F.4 and F.5 follows: a projective limit E = proj limm Em of com~

plete spaces Em is equal to E = proj lim.m E” where E" is the closure

of E in the topology of Em.

If for all m the maps npm'(“mp) are compact for some p > m depending
on m, we call the projective limit an FS-space (the inductive limit

an LS-space).

FS-spaces (LS-spaces) can be represented as projective limits (in-
ductive limits) of Banach spaces, so that according to F.2 an FS-space

is a Fréchet space.

LS- and FS-spaces are Montel spaces. Montel spaces are reflexive; the
strong dual of a Montel space is again a Montel space. In a Montel
space a bounded set is relatively compact and weakly convergent se-

quences in the dual are strongly convergent.

LS- and FS-spaces are bornological. A bounded map from a bornological

space into a locally convex space is always continuous.

The strong dual E' of an LS-space E = ind limm E_ is the FS-space

proj limm E&. The strong dual E' of an FS-space E = proj lim.m Em’

where m E is dense in E_ (then n E is dense in E_ too; see also F.7),
mp m o) m m

is the LS-space ind lim E'.
m m

If Em is embedded isomorphically into Ep by ﬂmp (p>m), that is if the
topology of Em is the one induced by Ep’ we call the inductive limit

strict.
LS-spaces and strict inductive limits of complete spaces are complete.

An inductive limit E = ind limm Em is called regular, if every bounded

set is contalned in some Em and is bounded there.
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aces and strict inductive limits of complete spaces are regular.

ply the results of F to the W- and A-spaces of section B. We

pay special attention to being nuclear. We-do not say when a
is nuclear (see for this [2] or [8]), but we merely give con-

ns in order that the occurring spaces are nuclear. Let

= proj lim_ wz(Mm;om), with O_,

g) =M (g) for £ e O_.

> 0_ open infﬁn, 0=U_0 and
1 m m m

e maps m_ satisfy the conditions in C.4 or C.5 W(0) is an

+1,m

ace. According to C.2 and F.6 the same conditions imply that

can be represented as proj limm Wi O(Mm;Om). In view of B.5 and
b

the representation of W(0) as projective limit of W_ .-spaces

0
b
itates the description of the dual.

W(0) is an FS-space, a sequence ¢, converges in W(0), if ¢k(g)
rges for each £ € O and if |l¢k|hns K,» where K are constants

endent of k for m=1,2,...

11 consider two conditions HS1 and HS2 (see [12]) on the weight

ions Mm, which imply the conditions in C.4 or C.5. HS1 and H82
sure that W(0) is a nuclear F3-space. An FS-space is nuclear, if
n be represented -as a projective limit of Hilbert spaces, where
aps T, are Hilbert-Schmidt type maps (see [12]). As Hilbert-

s we take the spaces W?(Mm;om) of all measurable functions ¢,
nich the weak derivatives Da¢ exist when |a|< m, such that

oelongs to L2(Om). The inproduct is

(¢,9) = ) f M2(g) D%(g) D%y (E)ac.
0

la|<m




This implies that the restriction map Sp g from WE(MP;OP) into

E

Wm(M ;0 ) is continuous. Let HS,. be: for all m there is a p>m+ n/2
2" m’> m 2

such that

0 can be covered in O_ by balls K(t,d,) with centre t and ra-
—n/2p
t

t

(HS,.) dius dt and with 4 Mm(t) / Mp(g) <A< o fort e om and

2
£ € K(t,dt) c op.

This implies that the restriction map Tp g from WS(MP;OP) into
5
Wﬁ(Mﬁ;Om) is continuous. Hence in virtue of F.6 W(0) is a projective

limit of Hilbert spaces; it also follows (see [12]) that Sl chp 1
9 9

(p>1>m) is a Hilbert-Schmidt type map. Hence HS. and HS, ensure that

1
W(0) is a nuclear FS-space.
Let 0 be the closure of an open convex set in R" and let a(m) and
b(m) be two non-decreasing sequences, where for all m at least one
of the inequalities & +1 1
M =M . Then for all € > 0 and m=1,2,... there is an

m  a(m),b(m) _
R = R(e,m) > O such that, for all £ ¢ O with ||£]|> R, Mm(g) <
< eM (&) (in other words Mm(g)/Mm+1(£) approaches 0 as £ tends to

> am and bm+ > bm 1s valid. Suppose

infinity in 0). According to D.3, W(0) = proj limm WE O(Mm;ﬁ) is an
9
FS-space and W(0) also is the projective limit of Wf(Mm;O).

According to F.12 the dual W'(0) is the LS-space ind limm(W§(Mm;6))'.
As in D.1 we have that a C -function on a closed set F, whose deriv-
atives are uniformly continuous and bounded on F, can be extended to
a C -function on R" (see [10]), which is bounded on every e-neighbor-
hood of F. Hence the restriction map I from the Fréchet spaces W(R")
into W(0) is surjective. As in D.2 two things follow: firstly W'(0)
is a closed linear subspace of W'(R") and secondly W'(0) is the space

of all elements of W'(R") with support in 0. %)

The conditions on O, mentioned in the footnotes on pages 8 and 9, also
imply the second statement, from which the first statement and the
surjectivity of I follow.
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clear that the functions Mﬁ satisfy the conditions HS1 and HS, in

2
.th Om replaced byIRn, so that d, = d can be taken independent

t
Therefore WGRn) is nuclear. Hence its dual W'(R") and the lin-

tbspace W'(0) are nuclear. Since W'(0) is reflexive, also W(O)

rlear.

ume properties as in G.1, G.2 and G.3 are valid for A spaces:
, be an increasing (decreasing) sequence of domains in C° with

(intersection) Q and let M be an increasing (decreasing) se-

+ of continuous positive weightfunctions on Qm. Condition HS1 is:

M (z)
m 2
fm,3p > m (Vp,3m>p) such that J (M (z)) dx dy < =,
Q P
m
don HS, is: Vm,3p > m (Vp,3m>p) such that
1, can be covered in QP by polydiscs D(z,dz) = {w | lwi—zil < dz’

. . -n .
=1,...,0} with d, Mm(z)/MP(w) < A<owfor z e e and
re D(z,dz) c Qp.

IS1 and H82 ensure that a projective (inductive) limit of

Qm) spaces is a nuclear FS-space (nuclear LS-space). Here we
he Hilbert spaces Ag(Mﬁ59m) of all in Q. holomorphic functions

* which M f belongs to L (Qm) with inproduct
2 —
f,g) = J Mm(Z) f(z)-glz) dx dy.
Q

plies that the embedding of Am(Mp;Qp) into A2(Mm;Qm) is contin-
nd H82 implies that the embedding of A (MP;QP) into Aw(Mm;Qm)

tinuous.

2

be an increasing sequence of domains in Cn with union Q and
be a decreasing sequence of continuous positive weightfunctions

) by A
lji

Let us denote proj limk A2(Mm;Q
M 30 ) by A

2(Mm;Q) and the closure

s space in A and let us take the same

o (M58, o (M50

ons for the A _-spaces. Assume that we have already proved that

me positive integer g all spaces Aw(Mm;Q)E (m=1,2... and




=1,2,...) can be continuously embedded into A (M 30 ) for all

m+q
. 2 k. Furthermore, suppose that the conditions HS1

re satisfied, so that for all k and some r and t > 0, there are

2(Mm+r;9k) and from this last

). In particular it follows that the identi-
(M Q .) is a Hilbert-Schmidt type

2N mtr+t 1 =

@p. This remains true if we restrict this map to A Mm;Q) . Then the

(M .Q)Eiﬁ

2  mtr+t?

edded successively into Aw(Mm+r+2t;Q
(M )BT g into A (M .0

o' mtr+2t+q’ = 2 m+2r+2t+q’

he space H = ind limm A_ (Mm;Q) is also the inductive limit of the

m
Mm;Q)

1
and H82 of G.T

.ontinuous maps from Aw(Mm;Qk) into A

pace into Aw(Mm+r+t;Qk—]

y map from A2(Mm;9m) into A

o
, which can continuously be em-
)m—2

ange 1s contained in A

, 1nto

+2r+2t+
)& er+et 9. Hence

ilbert spaces A ,» Wwhere the embedding maps are of Hilbert-

2( I
chmidt type. Thus H is nuclear.

rojective and inductive limits of nuclear spaces are nuclear.

‘e give some special examples of function spaces and their duals,
amely the usual spaces of distributions; they can be found in [8]

r [12].

e define the LS-space S' of tempered distributions as the dual of
he FS-space S = proj limm Wﬁ((1+]lg|])m;Rn) = proj limm Wi’o
(1+11€ [1)":R"). We denote WE (((1+ 1l 11)"E") with the norm [ Il
y Sm and wg,o((1+]|£|l)pﬂRn) with the norm Il'lli by Si. Sometimes
e write Sé and Sg in order to express that the distributions f, in
hat case also written as fE’ act on functions ¢ of the variable &;
his action is written as <f,¢>, <f,¢>S, <f£,¢(g)>, <f,¢>g or

f£9¢(€)>€'

The Fourier transform F is an isomorphism of S onto S and we

ave

o

FLol(x) ezfj X8 4()ac

+n+ ;
nd || F [¢]|[§'S crII¢II£ T for any r > 0 and c. > 0 depending on r.

e define the Flurier transform of distributions f in S' by
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<FLf],9> = <£,F[¢]>

for all ¢ € S. We will always use the square brackets F[-] for the

Fourier transform in S'.

Let O be open in R" and Km an increasing sequence of relatively

compact open subsets of O with Km c Km+ « O for m=1,2,... and

1
UﬁKm = 0. We define the LS-space E'(0) of distributions with compact

support in O as the dual of the FS-space E(0) = proj lim.m W§(1;Km).
If 0=R" we just write E' and E. We denote W2(1;Km) with the norm
1+ 11, or 11+ 01 by £ (R ) ana W2(1:K,) with the norm |- ly 1 OF
Il'”éik by Em(Kk)'

Let O ¢ R" and {Kk}:=1 be as in H.2. We define the space D'(0) of
distributions in O as the dual of the strict inductive limit

D(0) = inda limk D(Kk) with D(Kk) the FS-space of C”-functions with
compact support in Kk provided with the projective limit topology
induced by the norms Il¢|th{= '|¢|Iz,k def sup {IDa¢(£)| | £ e Kk,
lal < m}. We denote by Dm(Kk) the closure of D(Kk) in the norm

[]e 1] and we write D' and D, if O = R".

m,k
The space Z consisting of entire functions is defined as

Z = ind limk proj limﬁ Am((1+||zII)me—kllyll;Gn). The Fourier trans-
form is an isomorphism between D and Z. The dual of Z is denoted by
Z'.

'IRE FUNCTIONS

n this section we give appropriate topologies to the spaces occuring
: theorem of Paley-Wiener-Schwartz.
n the sequel K will be a compact convex set in R™ and O an open con-

ighborhood of K in R". We define the function

IK(y) = sup - y*&.
EeK

K is convex we have {¢ | - y-£ < I_(y), vy e R"} = K and if 0 « K,

K
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;hen IK(y) 2 0. If K is the ball with centre O and radius a in R", then
«) =allyll.
The definition of the Fourier transform f of a distribution g ¢ E' or
*(0) (H.2) given in H.1 agrees with
f(x) = <gg,elx'£> (see [8, prop. 29.11).
.ccording to the theorem of Paley-Wiener-Schwartz [8, theorem 29.2] the

'ourier transform f of a distribution g ¢ E'(0) with support contained in

. can be extended to the complex space ¢"” as an entire function satisfying

I,(y)
3.1) I£(z) | < M(1+ ]|z ]| )% & for all z = x + iy e €7,

here M is a certain positive constant and m an integer, both depending on
Conversely such a function is the Fourier transform of a distribution

ith support in K. This extended Fourier transform f of g is given by

3.2) f(z) = <gg,eiz.g> (see [8, prop. 29.1]).

We provide the space of entire functions f that satisfy (3.1) with a
opology such that the Fourier transform F is an isomorphism (a bijective

ap in both directions continuous). Let {Km}:- be an increasing sequence

1

f open relatively compact convex sets in R™ with Km c Km+1 « O for

=1,2,... and U;;1 Km = 0, where O is an open convex set in R" (not neces-

arily with compact closure). We define the Banach space Hm(Km) according
o B.4 by

-m —IKm(y) n
A (C1+]12]1) e ;C)

[eN}
L]

(k) <&

m

ith the norm ||+ ||™. From C.7 it follows that the identity map from

n(Km) into B (k

m+1) is compact, so that

#(0) 2L 514 1im Hm(Km)

m->
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LS-space (see F.8). Therefore H(0) is a bornological (F.11), regular
) and complete (F.14) Montel space (F.10). Moreover, according to G.T
is nuclear.

The space E'(0) of distributions with compact support in O has been
in H.2 and it follows from F.12 that E'(0) = ind limm (Em(Km))'.
e state and prove the main theorem of this section.

1ze

g,e &5 for

em 3.1. The map F: E'(0) -~ H(0) given by F(g)(z) = <g

g € E'(0) Zs an Zsomorphism.

. The bijectivity of F is the theorem of Paley-Wiener-Schwartz. In
to prove the continuity of F it is sufficient to prove that F is a
2d map, since E'(0) is bornological (see F.11). So let B c E'(0) be
nded set, that means according to F.15 and F.16 that B c (Em(K ))!

m
or all g € B |lgll ms M for some integer m and positive constant M.

re images F(g) = f we have

I (y)

122) | = I<g.e® 51 < Ngl_liet? 5 E < uirepizin®e ™

g€

11 y € ¢". Thus

m ’ -m
Hell™ =sup (1+]lz]) e
n

zeC

it T e Hm(Km) and F(B) is bounded in Hm(Kh), thus bounded in H(O).
[n order to prove the continuity of F_1 it is again sufficient to

that, for each m, ! is a bounded map from Hm(Km) into
))', since H(O) is bornological and regular. Let A c Hm(Km)

1 (Km+n+1

>ounded set; thus there exists a positive constant M such that for all

Ty (y)
m n

I£(z) < M(1+]]2|]) e for all z ¢ C .
1 ¢ €S (see H.1) we get for the images g = F-1(f) e E'(0)

l<g»0>= | <£,F '[¢1> | <M J (1411 xID™ 1 F0e3(x) | dx <




m+n+1 n+1
<
< MC||F [¢]|l MC 1I]¢”m+n+1'
Thus F~! is a bounded map from Hm(K ) into (SHI1+1)’. The range of this

nap consists of distributions in S' with support in K according to the

theorem of Paley-Wiener-Schwartz, so the range of F is contained in

(E

m+n+1

Follows that (Em+n+1

is a bounded map from Hm(Km) into (Em+n+1
(E (K ))'

m+n+1

(K ))', because Km is convex (see the remark in D.2). From D.2 it

= v . n+1 ' -1
(Km)) is a linear subspace of (Sm+n+1) , thus F

(Km))' and certainly into
m+n+1

lemark 3.1. In fact we have shown that

4 "'1 . - - 1
(3.4) F  is a continuous map from " ( Km into (Em+n+1< ))', and that

(K ))' into Hmﬂﬁ-11 (K

(3.5) F is a continuous map from (E S m

temark 3.2. In vieuw of F.6 and remark 3.1 we see that F is an isomorphism

11so between the LS-spaces (E(K))' def ind limm (Em(ﬁ))' and

1(K) def ;g llmm H'(K), where K is an open relatively compact set in R";
shat (E(K))' is an LS-space follows from D.3 too. In G.5 is stated that
E(K))' is a closed linear subspace of S'. Therefore (E(K ))' is a closed
.inear subspace of (E(Kk+1))' and the inductive limit E' def ind limk
'E(Kk))' is strict. It follows from F.4 and F.5 that a continuous map from
i' into E'(0) exists and from F.5 that a continuous map from E'(0) into E'

:xists. Thus according to F.6 E' = E'(0) and since for the same reason F

.s an isomorphism between E' and H def ind limk H(Kk)’

3.6) fi(0) = ind lim ind lim Hm(Kk) ,
k> oo
there the inductive limit for m - « yields an LS-space and the inductive

Amit for k » « is a strict inductive limit of complete spaces.

In part II, where entire functions of exponential growth in ||z || will
e treated, we will see that it is not possible to separate the original
nductive limit into two inductive limits. This difference is closely
‘elated to the difference between the concepts support of a distribution

md carrier of an analytic functional.




WTON SERIES FOR ENTIRE FUNCTIONS

In this section we derive the Newton series (1.1) for entire
fying (3.3).
For the series (1.3) to be convergent it is sufficient that

€—1|< 1. If we denote the real and imaginary part of -h*z by

=u+ iv, we get

(eu."l‘l'V'_1 )(eu—lv_,] ) - 2u

u
=e -2ecos v+1<1 |,

u

T uF - e < 2cos v or (see fig. L.1)

u < log(2 cos v)

- — — Fn+2km

u k=0,:
og 2

[ —

N

Figure b1

For the carrier K of the Fourier transform of f we have
Keg ={z]| [ 511<1}cd®

or the support K of the Fourier transform g of f, in case g

tion, we have

Kco, = {¢ | [e'h'g-u< 1} < R".
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lis-




For any & € Oh and s € C

N
1im ) (5) (ePEi)k = eSPTE [ (o))

Now k=0 © h
aind, for all m, Ie_h'£—1ls p <1 when £ ¢ K « 0,. Thus
m m h
N N
~h- E -
L) (DK< e () ] (’s‘;k 1>k(k—1)...(k—m
k=0 k=m
independent of N, because
[(3)] = |s(s=1)...(s=k+1)/k!|<Is] (1s]+1)...(|s] +k=1)/xk!

k

(Isl;k—1)

ind the series converges according to d'Alemberts criterium:

/1S|+k)(k+1)
. k+1 . sl +k
lim p =p lim——=p < 1.
s T <IS';k_1>(k—m+1) m e k-m+1 m

Jsing G.2 we come to

,emma 4.1. The sequence { Y (;) (e-h~£_1)k}w_ converges in E(0, ).
_— k=0 N=1 h

Let f be an element of H(Oh) and let g € E'(oh

ransform. With the aid of theorem 3.1 and lemma 4.1 we derive the

) be its inverse

eries for z,h € " and s € C:

L) £(z+ish) = <gg,eiz.£-5h.g>

N>

N :
lim ) (§)<g€’e1z-€(e—h-£_1)k> =

N->ok=0
) k . .
- (5)< , (k) (_1)k—m 1(z+1mh)-g> _
kzo kg mZO m )
o k o
- s k k-m . _ s k
= kzo(k)mzo(m) (=1)"" £ (z+imh) _kzo(k) 85, f(2)

. N
= <g€,lim 128 ) (i)(e_h.g-'
k=0

ler
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~ding to (1.2). Considering

ef
k

(¢) (5)(e™PrE_q)k

x

[
I o~—=

s
0 k
multiplicator in E'(Oh) we see from lemma 4.1 that for any g e E'(Oh)
) and since E(OQ, ) is a

N=1 h h
:1 space, it converges strongly too (F.10). Therefore according to

h).
>L1lows that (k.4) certainly converges uniformly in z on compact sub-

sequence {g£¢N(£)} converges weakly in E'(0O

em 3.1 the Newton series (4.4) converges in the topology of H(O

of mn, which is the convergence given in [3].

If in addition one wants to know of all the norms that determine the
.ogy of H(Oh) the finest one (the largest), in which the series (L4.k4)
:rges, the convergence of the sequence g£¢N(E> needs to be analysed
precisely. If g ¢ (Em(Kk))' the limit of this sequence also belongs
fm(Kk))'. Denoting the limit e"Sh.g of ¢N(£) by ¢(£) and remarking
for each m there is a constant Cm such that for any two functions

L x e E(0,)

|E

m,k

E E
loxlIE < cpllvllE -

't for every ¥ € E(Oh) with the aid of lemma L.1
l<géy-gd,¥> | = |<g,(¢N—¢)w>|s

t t E
< Ne Il ey Call tymellE 0 1IE < <llv IE

" sufficiently large. Hence the sequence {g£¢N(€)} converges

N=1
gly in (Em(Kk))'. From this and from (3.4) and (3.5) we derive that
eries (4.4) with f satisfying (3.3) converges according to:

0, 3N (), Vz « ¢ and WN > N,

N I, (y)

K
If(z+ish) - Z (;) A?h f(z)|< E(1+||le)m+n+1e m




2L
The convergence is absolute too, for

|G 85, £2) ] = 1G] I<g,e™ 5™ 6y | <

r s k

< 1+ =1)ee(k-r+
c llell_,(+llz1)7e | (o) Pe(ie=1) o (k1)
7ith r = m+n+1 and the right-hand side of this inequality is the general
:erm of an absolutely converging sequence.

Thus we have proved

Theorem L.1. For f satisfying (3.3) with K, < O where O, 78 given by

h
(4.3), the Newton series (4.4) is valid; the series converyg

absolutely in the topology of H(O, ) or more precisely accor

ing to (4.6).

h

We can interprete the results we have obtained in a different way.
IK(y) is a convex homogeneous function of y e R" determined by the compa
ronvex set K «© Rn; conversely an arbitrary convex continuous function a
m the unit sphere prﬁRn (this means that the homogeneous function
(y) = llylla(y) of y € BR* is convex, see A.5 and for the notations A.1

nd A.3) determines a compact convex set K by

4.7) K=1{¢ | -y-¢ < a(y) for all y ¢ R® with |yl = 1}.
ow let the entire function f be given such that for all z e C°
4.8) 1£(2)] < M(1+ |1z )% |

is the Fourier transform of a distribution with support in K, where K 1
iven by (L.7). From (4.1) and (4.3) it follows that for f satisfying (L.

he Newton series (k.4) is valid, if h = h1+ih2 e € is such that

)) and - 37 + 2kw < a(+h_ ) < 37 + 2km

a(h,) < log(2 cos é(ih2 o

1

or some integer k, where the inequalities must hold for both the + and t




1, because - a(-h) < - h*¢ < a(h) for £ € K. In case h ¢ R™

neans that the Newton series is valid for all vectors h such

€ pr C, whenever h = ||hlly,
log 2 .
h < =6 e if a > 0
1n]] < 1283 (v) o
lh ]l arbitrarily large if a(y) <0 .

3SIBLE GENERALIZATIONS

If ¢ varies in a compact set of Q  (see (L.2)), the series

h
5 derivatives converge uniformly. We remark that also for ¢
npact sets of Qh the series (1.3) and its derivatives conver
vestigate how this convergence depends on .

First let us estimate the Newton polynomial (E) in s € C:

k-1
(5) = 8le=t)e e (omkert) 1 (1) s(1-s)(1- £)...(1

k' (k— 5

» k » » the factor between brackets becomes Euler's infinite

ich equals
s
R R
r(-s) -s i

ire v is Euler's constant

y = lim (1+3+...+ E%T - log k) (see [5]).
k>

‘e 1/T(-s) is an entire function. Furthermore

k-1 k
(=1) . [r(1 1 eYS} ~s(y+log k) _ (=1)




Re s+1
I(

hat |T(-s)|k E)l > 1 as k » o,

; there is an index N1(s) depending on s such that for Re s :

|(s)| < W?T:Ejﬁ'k for all k = N1(s)

I3 < B x*'  for al1 k=1,2,... and (3) =1 for k
S

k
s in a compact set in C, N1(s) and 1/|I'(-s)| are uniformly t
According to (4.1) and (4.2) we can write 2 as

& = {c |- Re h*z < log(2 cos Im hez)} c ¢

for 0 < € £ 3 we define

Q(e) = {z] - Re h*¢ < log(2 cos Im heg-e)} c Qh.

e € may depend on ¢ provided that 0 < e(z) < 3 for all ¢ ¢

t ¢ Q(e) we have

7

—h.cJ= /q + eQ(—Re hez) cos Im heg <

e-Re hez

11 - e -2

/4 + e2(—Re hez) _ e—Re het (e—Re h-g | e)

IN

1
/G - ee_Re heg <1 - %ee-Re hg gg; o]

IA

b

1at 3 £ 1 - € < p < 1. Hence the function ¢N(E) defined in (

e extended to a function ¢N(§) holomorphic in Q. and we get

h
> - a according to (5.2)
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N
1+ B Z pkkm_1 <

! ® k=1

—

Y

~
IA

® £l -1 )
1 + BS J e 08 PO gt = 1 4+ BSF(a)/(—log O)a, in case o > 0

0

IA

1 + BS{— log(1-p)} , in case o = 0.

~ ¢ € Q(e) we get, respectively,

B r'(a) B I'(a)
- a = 3 Re hezgy,a =1+ Bsr(a)(g)aeaRe mr =
(-1log p) {-1log(1-3¢ce )}
< ¢(s,a) _%_eaRe het for a« > O,
€
- B {- log(1-p)}< 1 - B, log 2e + B_lInll-llcll<
< C(s) log %-- (1+1lzll) for a = 0 .

In order to estimate the derivatives we note that ¢N(§) is holo-

'‘phic in Qh and that there is an e, > 0 such that

{z | le-zl< ez, € 2(e)} < aze) ,

ely for e, = e/(6]lh]]) we have for ¢ e € with Ic—col< e, and

€ Q(e):- Re h*g < - Re h.CO * €1l|hll < 1og(2 cos Im h-co—e)+€1||h|lﬁ

og(2 cos Imhez + e [Ihll-e) + e IIn |l = log(2 cos Im her - 2 e)pes
5 € 2

0g(2 cos Im heg) + log(1 - € 2 cos Im h'E) t*%3 coselm hec =

og(2 cos Im hez) + log(1 - 2-2 cosEIm h’C)= log(2 cos Im heg - 3 €).

' the derivatives we obtain by means of Cauchy's formula the bounds




' o) (Z)
sup | Dk¢N(;) | < sup | ——l&—:; J...J ——_lling dz,...dz
zeQ(e) zeQ(e) (2mi) oq(c-2) .
ley-23l=
< k! {— sup |¢ (C)|,
€1/ zea(ie) N

where k+1 = (k1+1,...,k +

Finally we have found constants Ci such that for Re s =2 - a and for

every multi-index k

r 1 aRe het
C1(S,k,on) __e‘”'k' e R a >0
Kk
Vi € Q(e): | D oy (2) | <3
Colsk) 2EME (i), a=o0
N €

Now let us take e(z) = eo/llz N85t 1zl > 1 and e(z) = e if Izl

IA
=y

for some fixed €02 0 < €0 <3 and B = 0, then we have

Cl(s,k,a) (14 [ g | )*BE IRl gaRe B g
5.3) Ve e a(e(2)): [0 () |

Q
n

Cé(s,k)(1+l|cll)
For N, 2 N1(s) and all N > N we have according to (5.1)
_ k
>.4) Vo e Q(e(z)): | D (¢N(C) - 9y ()] <
0

¢ (kya) AGs) (14 (I |]) BRI eRe Bt g

IN

cptie) a(s) 1+ 112 1D ™ B (1ag1og(14 11211, 0 =0

1

with A(s) = I?T:ETI'
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Let us now investigate how we can generalize the results of sections
and 4.
rst we take h a real vector in R".

We consider distributions g in S' or D' for the Fourier transform
' which we want to derive the Newton series (1.1). In any case the
ipport of g has to be contained in the halfspace Oh ={g| - ng<a}
th a = log 2. As we want the Newton series (1.1) to be valid for
veral vectors h, say for h ¢ V ciRn, the support of g must lie in
,={g | Vh e V: - heg < a} = OO
'V, since sup{- h*f | h € V} = sup{- h-¢ | h e 0(V)}. So if the Newton

(V) where 0(V) is the convex envelope

ries is valid for h € V, it is also valid for h ¢ O(V). Therefore we
ke U an open convex set in R". If h varies in v, h varies in a set U

the unit sphere. U determines a convex cone C by
C={¢ | VyeU, » >0: £ =2y} ;

have U = pr C (see A.3). Let r(y) = sup{A | Ay € V} for y ¢ pr C,
e largest length of a vector in I in the direction of y and let
y) = log 2/r(y). Then we have

OU = {¢ | Vy € pr-C: - y*& < a(y)} def 0(a;C)

the notation that will be used in the sequel.
Suppose that there is a vector v € V with also - v € V/, then this
valid too for vectors with direction in a neighborhood W in pr C of

=veprC. All € ¢ OV must satisfy

Vy e W: |y-g| < sup aly),
yeWu-W
that OV is bounded. That case has been treated in sections 3 and L
i the convex envelope of U on the unit sphere is the unit sphere
self; therefore C = R® \ {0}.
In order to generalize section 4 we have to take V contained in

convex cone C, where C u{0} does not contain a straight line through




e origin. If h varies in C, while its length |lh || does not exceed

given number b, then a(y) = log 2/b is constant for y € pr C, or if

keep ||h]] constant, then a(y) = log 2/|In]|.

rollary 5.1. Let C be an open convex cone in R° such that C u{0}
2s not contain a straight line through the origin; we will derive the
vton serties (1.1) with h e C for functions that are the Fourier

ansform of distributions in S' or D' with supports contained in

o(ll—‘fg—”g ;C) = {£ | sup

The Fourier transform f of a distribution g,  in D' or S' is a
action analytic in R" + iyO if and only if gge—yo.g € S' (see [11]
.2). In case g € S' it is sufficient for this that the support K of
satisfies VE < K: - Vo' < allyoll for a certain number a, thus that
- {g | - yo°£ < al]yoll}. Let f be holomorphic in R® + iV with V an
sn neighborhood of Yo in R". As before we can take U convex (see

350 E.4) and let C be the cone determined by V. We must have

Keo,=1{g|Vyel:-yesaly)llyll}=le] vy e pr c: - ye& <
< a(y)} =
= (g | vyec: -ye<al@ lyll £ agnE ofase),

:re now a is a certain continuous function on V, thus on pr C too,

*h that a is a convex function on C. For all y € C we have

aly) = sup - y-¢ = I (¥).
£e0 %
v
see that f is holomorphic in the tubular radial domain TC =R" + icC.
Again if V contains a vector Yo with - Y, in V too, OV is bounded
1 the convex envelope of U determines the cone R \ {0}. Then f must
holomorphic in R" + i(R™\{0}), from which it follows in virtue of

thner's theorem (E.L4), that f is an entire function. In that case we
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ve

n
oy ={e | vy eR: -y£<I) (¥},
v
that the conditions of the theorem of Paley-Wiener-Schwartz appear

ee section 3).

rollary 5.2. Let C be an open convex cone in R such that C u {0}
28 not contain a straight line through the origin and let a be a
ntinuous convex function on pr C (see A.5). We will consider Fourier
ansforms of distributions in S', or of distributions g in D' with

e V5 ¢ g for each y € C, with support contained in
0(a3C) = {& | Vy € pr C: - y+£ < a(y)}.

ch Fourier transforms are functions holomorphic in TC.

w we consider vectors h in Cn; we set h = h1 + ih2 with h1,h2 e R™.

still require that & belongs to a non-compact set K contained in
nRY = Oh (see (4.2) and (4.3)), that is - h1-£ < log(2 cos hg'g)

cording to (4.1). Therefore we cannot have that h1 varies in all of

€ C, with C, an open convex cone, so that

, but again we take h 1 1

1

K c (3282 . c,) def .

I 1

in corollary 5.1. Let h, vary in an open convex cone C,, then K

2
ould be contained in the union of the sets

2,

= {¢ | 2km - 37 < h,g < 2km + ir} for k=0,+1,+2,... (compare figure
1).

Ir c, =R\ {0}, V

2 > 'k

ntained in a countable union of compact sets all contained in O

is relatively compact for each k and K is

‘I,

that f must be some countable sum of entire functions, which is it-

1f holomorphic in R" + ic..
If C, c Y {0}, Vk e

2 1
ntained in a countable union of compact sets all contained in O

is relatively compact and again K is

=
K must lie 1n a countable

If C, is not really contained in C

2 1°
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union of non-compact sets each contained in O(ak;O(C1 U C2)) for some
functions ak on pr O(_C1 U 02). Then f must be some countable sum of
functions holomorphic in R" + iO(C1 U 02), which is itself holomorphic
in " + iC..

We will not go into the details of these cases, since they follow

from the theorems of the subsequent sections.

>. FUNCTIONS HOLOMORPHIC IN TUBULAR RADIAL DOMAINS HAVING BOUNDARY VALUES

We treat the generalization of the theorem of Paley-Wiener-Schwartz
ientioned in corollary 5.2 with g € S' and give the occurring spaces topol-
>gles, such that we can generalize theorem 3.1.

Let C be an open convex cone in R, where C u {0} does not contain
1 straight line through the origin and let a be a continuous function on
v C such that a is a convex function on C, see A.5 (a need not to be
ounded on pr C). The next lemma can be found in [11, 26.4 theorem 21,
There a is a positive constant, but the proof given there also holds, when

v 1s a continuous convex function of y not necessarily positive.

.emma 6.1. The following statements are equivalent:
1) f, holomorphic in TC, has the property that positive numbers
o and B exist, such that for all compact subcones C' of C (see
A.3) there is a positive constant M(C') with
e(z) 1< M(ct) (14112 PO+ Ny 1™ ) for a2 2 = x + iy ¢ TC
2) £(z) = F[gge_y.g](x), where g, is a distribution in S' with
support K contained in 0(a;C) c R"; here 0(a;C) s given by
formula (5.5)

Such functions f determine a class of functions in [11] denoted by
1(a;C). Another property of these holomorphic functions is stated in the

‘ollowing lemma:

emma 6.2. Functions of the class H,(a3C) have boundary values on the

istinguished boundary of ™ in S'. Move precisely, for all ¢ € S




lim J fx+iy)e(x)ax = <f*,¢> for a £ e s

. S
y>0,yeC -

awnd this limit is independent of the path y - 0 provided that this is

zontained in an arbitrary compact subcone C' « C. If the path y - 0 s

zontained only in C, £* is attained in 7' (see H.4), that is

lim J f(x+iy)yp(x)dx = <f*,¢>Z for all ¢ € 7.
y>0,yeC 7=

2roof. We briefly discuss the proof, that is given in more detail in [11
26.3]. It is easily seen that f(x+iy) € Z' for all y € C, when we define
for ¢ € 2,

<9, = J fx+iy)y(x)dx,

and that, moreover,

| tteriyhutaan = [ steriyrivguteriygdax

for any Yy € C, since both f and ¢ are holomorphic in TC. Thus the limit
for y > O,y € C equals

lim fx+iy)y(x)dx = fx+iy . )y(x+iy.)dx,
0 0
y>0,yeC S -
30 that it exists in Z' and is independent of the path. We see that it h
10 sense to speak of "boundary values in Z'".

Next we consider for an y € pr C' the function fo(xgx,y) = f(x+ry),
\ =0 + 11, which is holomorphic in X for 1T > O. When we integrate a +1
simes with respect to A:

A A A
a 1

fa+1(A;x,y) = J_ J. ...J_ fO(AO;x,y)dAOdk1...dAa
in ‘1in in

vith n a positive number, we get a function fu+ holomorphic in A for

1
r > 0, that satisfies




3L

£ (gx,y)| < MO+ llx 1+ 10l )8 (14 10])*!

a+1

for all x e R, c e Rand 0 < T < R for some R > 0 (see [11]) and

a+1

a fa+1(0+ir;x,y)
£ (A3x,y) = f(x+oy+ity) = .
0 a+1
do
B+n+% . _
Let ¢ € (sm+1 )X and x € (1)([-1,1]))0 with Jx(c)do = 1, then
B+n+3 a®

sup - (1+|[|x|l+ o) | = ¢(x+oy)x(c) | < B4l

O<p<a+1 . do

xeR" ,-1<0<1

for some B > 0. Finally

oo 1 o
!J fx+ity)o(x)ax| = |J J f(x-oy+oy+ity)o(x)x(o)dx
o 1 <)

1 ©
= IJ J' f(x+oy+ity)¢(x+oy)x(o) dx
1 ©

1 o da+1
= lJ J 1 (Msx,y )= 79 (x+oy )x( o<
-1/ = do
B+n+3
<k MB | o] ;7

for some constant K and all t with O < 1t £ R, so that the set

{f(x+i1y)}ye pr C'

0<t<R

6+n+%)|
a+1
limit for y > 0, y € C' in (S

B+n+3 £(
a+1
according to E.3. By Schauder o-
B+n+%)' B+n+1

o+1 o+2

:ompact and therefore maps weakly convergent sequences into strong -

. Since Z is dense in S x+iy) has a
6+n+%)'
a+1

rem (E.1) and by C.L4 the embedding map from (S

is bounded in (S

into (8

rergent sequences (E.2). So we have found that
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B+n+1,,
(6.1) 7 e (Sa+1 )

B+n+1 ) 1

and that f(x+iy) converges to f in the space (Sa+2

Remark 6.1. This result is somewhat stronger than that given in [1].

Remark 6.2. The correspondence between f and g in lemma 6.1 is 1-1, because,
if a(g) is a C —function with support in O(a+1;C) and
x(g) = 1 for £ € 0(a3;C), then for ¢ € S the set

v | w(g) = alg) Ty‘£¢(5),y € C» llyll < 1} is a bounded set in S and
x(g) V' %4(g)> a(£)4(E) in S as y ~ 0,y € C,. Therefore e-y.ggg =
= o(g)e™’ E 8 - a(g)gg = 8¢ in S' as y > 0,y € Ck with g € 8' having its
support in 0(a;C) and
6.2) £ = 1im f(x+iy) = 1lim F[e_y.gggj = F[g] in S'.
yﬁO,yeCk y+0,yeCk

lemark 6.3. The property of lemma 6.2 depends on the behaviour of f for
[ly || small, while the condition on the support of F[f] in lemma 6.1 depends
m the behaviour of f for ||y||l large.

1(a;C). Let a sequence Ck « C

e given as in A.4 and let, moreover, an increasing sequence of continuous

Next we give a topology to the class H
ronvex functions a on pr C be given with for m=0,1,2,...

a (v) <a  ,(y) <aly) and lim a (y) = a(y)
m->o

‘or all y € pr C, where a also is a continuous convex function on pr C. In

some cases we need one more condition on the functions a - This condition

rill depend on a non-negative constant B and it yields the following proper—

7y, called NB:




(N,) for any £ € 3 5(am;C) the distance d, from £ to 30(a;C) satisfie

B 3
€
dg > ———Q—E when ||&E]] > 1 and
dE > € when llg|] <1 X
1 - . -
where 0 < sm+1 < Em £ 3 for m=0,1,2,... and 11mm Em = 0.

It is clear that NB implies Na if B < a. The condition imposed on the
functions a (let us call it NB too) gives a bound for the velocity with
shich a(y)—am(y) tends to zero as y approaches the boundary of pr C, if
tends to zero at all, what is possible only if B > 0. For B = 0

- >
a(y) am(y) 2 e for all y € pr C.

Let the positive weight functions Mm on TC be

-2 (y)
e

O+ llz D)™+ Ny 11™™)

Mm(Z) =

for m=0,1,2,... We define the Fréchet space

C
' (a_;C) el proj lim A (M ;T k)
m e '\ m

|E

see B.L4 and F.2); its elements are functions holomorphic in TC. If we

lenote the closure of Hm(am;C) in the space Aw(Mm;Rn+iCk) by Hm(am;C)k

;hen Hm(am;C) = proj limk Hm(gm;C)k too in virtue of F.T. Finally we

2

lefine

H(aje) def ind 1lim Hm(am;C).

m->

lsing C.T we find that the identity map from Am(MmﬂRn+iC ) into

k
b(Mm+1ﬂRn+iCk_1) is compact. Therefore the identity map from Hm(am;C)

nto HOt1(g

m+1;C) maps bounded sets into relatively compact sets.

. . . +
6.4) In fact this is true for the map from Hm(am;C) into H 1(am;C).

e will prove in lemma 6.5 that there is a q such that the identity map
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maps the neighborhood of zero U = {f | £ e Hm( |]f||m < K} in H'(a
thus also the unit ball in H (a a 3 C) , into a bounded set of HY' 9 a C)
Hence the identity map from Hm (a_3C) into Hm a* 1 am,C) is compact, thus
also the map from ™ am;C into HT q+1 am+q+1;C)' Therefore H(a;C) is an
LS-space and it is a bornological, regular and complete Montel space. Also
it follows that we can write it as an inductive limit of Banach spaces
(compare F.9)

H(a3;C) = ind lim Hm(am;C)m

m—>oo

Moreover, according to G.8 H(a;C) is nuclear.

Like in remark 3.2

H(a3C) = ind lim ind lim H'(a a,;C o)™ e or
1 m->e
(6.5)
H(a;C) = ind 1lim ind 1lim Hm(al;C) ,

) m-oo

where the inductive limit for m - « yields an LS-space and the inductive
limit for 1 » «» is a strict inductive limit of complete spaces, as will
follow from (6.L4) and (6.6).

Next we consider the space S'(a;C) of distributions in S' with support
in one of the sets ﬁ(am;C) contained in the set 0(a3;C), m=0,1,2,...,
namely

S'(a3C)

Q
H

e

. . ) .
ind llm(Sm(am,C)) R

m->o

where (Sm(am;C))' is the space consisting of the m-th order distributions

in S' with support in 6(am;C). This last space is the strong dual of

o]

W (G llg D™, Ol 50))

Sm(am;C)

in virtue of the remark in D.2. From D.3 it follows that the restriction

m+1(am+1;C) into Sm(am;C) is compact, so that according to E.1

5'(a3C) is an LS-space. Therefore S'(a;C) is the strong dual of the FS-

nap from S
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space

H

S(a3C) def proj lim S (a_;C).
m' " m
m->o

As before we can write S'(a;C) as

(6.6) S'(a3C) = ind lim ind 1im(S (al;C))'.
1 m-><o m

Indeed, by F.4 (inductive limit with respect to 1) and F.5 (with respect

to m) there is a -continuous map from ind lim. S'(a.;C) into S'(a;C), whe

1 1°
3'(al;C) is defined as

Q
Hy

e

S'(al;C) ind 1im (Sm(al;C))',

m>oo

and the inverse of this map is continuous according to F.5. In virtue of

F.12 and G.k S'(al;C) is an LS-space and in virtue of G.5 S'(a.;C) is a

5
closed linear subspace of S' (it is the subspace of S' of distiibutions
7ith support in the closed set G(al;C)). Therefore the inductive limit f
L >« is a strict inductive limit of LS-spaces. According to G.6 S'(al;C
is nuclear and according to G.9 S'(a;C) is nuclear too. Note, that S'(a;
ls a strict inductive limit of closed subspaces of S', but that its topo

>gy is finer then the one induced by S'.

iz¢ € S(a;C)E.

.emma 6.3. For any z € TC, e

’roof. We show that, for any m, IIelZ'glknis finite for every z e TC by

*
K and & € Ck+1 we

1ave cos(&,é) > 6k (see A.3 and A.4 for notations and symbols) so that
see also [11])

»stimating the norm ||elz.£1|§ 1 for y € Ck' For y ¢ C
9

-ye < Uyl llels,.

*
'or all £y € (c tht

k+1
Yo' &g 2 Ilaolld

)¢ there is a Yo PF Cp,, With cos(yo,éo) < -6

K+2 k+1°
1 (see figure 6.1)




Figure 6.1

. x \C =/ . .
or every go € (Ck+1) n O(al,C) it follows that

de:
- ° < =
||6k+1 < . iug Yo EO < iug al(yo) < sug a(yo)
YoPT M40 ToP¥ “k4o ToPY “yap
rith dk = bk/cSk+1 Ilgoll < dk' Now we have for y € Ck
iz= &P P 3% iz.g
e 2l = sup (+llel)? | = 1
i E€O(al;C) 9&
lq|<m

S
(e )P 1z /el Iy el . 4

IN

gECk+1

lg| <m

ll 1
sup (1+ak)P Nzl Ye
lql <m

(y)

+

p-lly Il

re consider the function (1+p) P for p = 0. The maximum 1s

led when (1+p)p_1e_l‘yllsp(p—(1+p)llylld) = 0, thus for




_p=llylls _ _» o
Nylls Hylls

s 2 0, otherwise for p = 0. The maximum is

(e P! % < (BF 1o

[ly 118 =2 0, otherwise the maximum is 1. Finally we get for all

™ a, (y)
1z°& )P m -p, 1
e 2y, = Ky O+ 2l g 117P e . 0

s (3.2) the following lemma holds:
6.4. For g € S'(a;C) and y € C

g’eiZ'€>.

Flg,e™ *1(x) = <g
According to (6.6) we may assume that g e S'(al;C). Let o(g) be a
l+1;C) and a(g) = 1 for £ € O(a_;C).
,(g)e—y‘g € S for each y € C and for all ¢ € S we have

ction with support in O(a 13

<F[gge'y'51,¢> = <sge_y'£, J 8y (x)ax> =

<g£a(£)e—ybg, J eix.g¢(x)dx> =

& | ale)e™* Sotxian,.

rmore, a(g)eiz.£¢(x) € SE,X

e get according to [8,(51.7)]

and considering gg as a distribution in




L1

<F[gge_y'€3,¢>x = <gg,a(£)e

1
A
A
03

thus F[gge—y.g](x) = <g€,e' >. 0

Now we formulate the main theorem of this section:

Theorem 6.1. The map F: S'(a3c) » fH(aC) given by F(g)(z) = <g ’eiZ‘€>

= . . . 3
for g e S'(a;C) <8 an <somorphism.

Proof. The bijectivity of F follows from lemma 6.1 and remark 6.2.

Next we will prove the continuity of F. Again we use that é'(a;C) and
H(a3;C), veing LS-spaces, are bornological and regular (see F.11, F.15 and
F.16). Let B c g'(a;C) be a bounded set. This means that a positive inte-
ger m and a constant M exist such that B c (Sm(am;C))' and llg‘an <M

for all g € B. According to lemma 6.4 and (6.8) the images f = F(g) satisfy

ize iz
12(2)| = I<gg.e™ ™ 1< Nlgll_ 11 e 8 <
-m
a (y)
m -m m
< + +
MKm,k(1 Hzll ) Qi+l yll e
. m .
. < .
with y € Ck' Thus f € Hm(am,C) and for any kllflh{ < MKm,k’ this means

that F(B) is a bounded set in H(a;C). Therefore F is continuous.
In order to prove the continuity of F_1 we consider a neighborhood of
zero U in Hm(am;C) with m arbitrary, that is to say there is a constant K

and an integer k such that
u={r| rer(a;c), [[£]l] <K

We will prove that the image F_1(U) of U is bounded in some (Sl(am;C))'

with 1 > m, from which it follows that F—1 is a continuous map from




;C) into (Sl(am;C))'. Since this is true for all m=0,1,2,... s

tinuous map from H(a;C) into S'(a;C) according to F.5.
Let us assume more generally
-3 (y) e

de T k), and

£ e Hm’p(am;C) £2 proj lim A — —
k> G+llz 1) C+1ly 175

H

a_(y)

m - m
1£(z) 1 < KOz 11O+ 1y 17P) e for y € C, -
ding to lemma 6.1 the image undeer_1 of such functions f consists of
ibutions in S' with support in G(am;C), so that it is contained in
inear subspace S'(am;C) of S'. Since by lemma 6.1, lemma 6.4 and
the image g under F of fis g = F_1[f*], where F[-] denotes the

sr transform in S', we get for all ¢ € S taking into account (6.1)

<g,0>1 = 1<€*,F'lodo] = || €% |IZEEYY) || F o)y

<
p+1) pt1

+n+1+
e, 1o nvne

IN

iy r > 0 and some positive constant M (see also H.1). Hence F_1(U) is
»d in (Sl)' with 1 = max(m+n+1,p+n+2) and being contained in the

» subspace S'(am;C) of S', it is bounded in (Sl(am;C))'. O

¢ 6.4, In fact we can show with the aid of (6.8) that

b

-1 . . k.
) F ' is a continuous map from Hm(am,C) into <Sm+n+1 n

for any r > 0, and

) F is a continuous map from (Sﬁ(am;C))' into Hm’p(am;c).

Je conclude this section with the following lemma (see also remark

6.5. The identity map from Hm(am;C) into Hm+n+3(am;c) 18 compact.

As we have seen in the proof of theorem 6.1, a neighborhood of

J in Hm(am;C) is mapped by F! into a bounded set of (S (am;C))'

m+q
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] = n+2. According to (6.11) a bounded set in (S (am;C))' is map-

m+q
. + . . .
; F into a bounded set of H- q(am;C); according to (6.4) the identity

ips this bounded set into a relatively compact set of Hm+q+1(am;C). 0

VyTON SERIES FOR NON-ENTIRE FUNCTIONS WITH DISTRIBUTIONAL BOUNDARY
JUES

[n this section we derive the Newton series (1.1) for functions in

), where the condition N, holds for some 8 2 O.

B

‘et a cone C ¢ R" and a convex function a on pr C be given. We sup-

chat h is a vector in C and that for any y € pr C, whenever h = ||hlly,
b log 2 .
n|l < =6=< if a(y) > 0
[l a(y) (Y)
[lh|] arbitrarily large if a(y) < o.

:rmore, there is a positive number a depending on y and h, where

cand h e C) with 1 > k, such that for s € € with Re s 2 - o

y + (Re s)h ¢ C,-

s 2 0 always y + (Re s)h € C for all y and h in C. We remind of the
ition of the functions ¢N(£) in (L4.5).

7.1. If y € Ck’ h e Cl and Re s 2 - a as above, the sequence
bN(E) tends for N » » to elZr8-shet S(a;C), when in S(a;C) the
"ty NB (6.3) holds for some B 2 O.

. According to lemma 6.3

Jizeg-kheg | i(x+i(y+kh))-€ for k=0,1,2,...

eiz-g-sh-g - ei(x—Im sh+i(y+Re sh))-¢&




Ly

she g

belong to S(a;C). Also for £ e 0(a;C) ¢_(&) tends to e as N » o,

. N
We show that the set {el? 2

¢N(g)}§=0 is bounded in S(a;C), from which the

lemma follows by means of G.2. Using (5.3) we get for all y « C

SN R
e 5 ()l < c  sup  Cl(s,a,a)(1ellg |)OBHEm ahE) 2 dzg)
m - agq
EeO(am;C)
lq|<m
a_(y-oh)
< Cls,mya,1) (14112 1| )™ (14]] y—on ||~ (&F aB+Bm)y “m

| is

as in (6.8), which is independent of N. For a = 0 the norm Il - 0

bounded by

i (y)
Cls,mok,8) (1+]1z [|)™ (14]]y ||~ (BHBRFT+T))

with r > 0. [

Let f be an element of H(a;C), where in H(a;C) the functions 8 satis-
fy the condition NB for some B > 0 and let g e S'(a;C) be its image under
F_1. As in (L4.k4), using theorem 6.1 and lemma 7.1 we derive the Newton

series for y € C._,h ¢ Cl(le) and Re s 2 - o

k!
(7.1) f(z+ish) = <g ,eiz.g_Sh.€> = <g_,lim éiz.§¢ (g) =
g £ N
N0
¥ s ize&, -he& .k © 5, k
= lim ) (k) <g€,e (e -1)"> = Z (k) AL f(z),

N k=0

where o > O depends on y and h such that y - oh € C In order to describe

1
the topology in which the series converges it is convenient to change the

complex variable z = x + iy into z = x + i(y-ah), so that we get

(7.2) £(z+i(s+a)h) = ) A?h

k

(
0

I~ 8

s .
. f(z+ioh),

which is now valid for all y ¢ C,h e Cand Re s + ¢ 20, o > 0 arbitrary.

According to (5.3) e_ah.E¢N(£) is a multiplier in S' and also in
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—ah-&

2). Therefore the sequence {gge ¢N(€)}N=1 converges weakly in

) and since this is a Montel space, it converges strongly too (see
. Hence the series (T7.2) converges in the topology of H(a;C). This
5 the convergence of the series (7.1), namely in one of the norms of

spology of H(a;C). Thus (7.1) and (7.2) certainly converge uniformly
DHCMMRtSﬂmﬂSOqu

Let us consider more precisely the norms in which (7.2) converges.

e ay are C -functions identical 1 for [l€]l <1 and O for [||E]||l = 1+1,

. @ . P/ . .
y... Then if {gN}N=1 is a bounded set in (Sm(am,C)) > 018y

. ) . + .
1 > » uniformly in N in the space (Si r(am;C))' for any r > 0, since

e S(a;C)

tends to

gy gy a9 = I<gys(1-a Jo>| <
-p ptr aq 1
< eyl _sw (O+IEIDTT |5Eg0-a o |———71<
£e0(a_;C) YU Gne
lal<m
+ +
<kllo 12T L < e [la |12,
sufficiently large. Let us take gN e £¢N(£), so that accord-

> (5.3) the set {gN} is bounded in (s (a ;C))' with t = p + aB + Bm

>0Qort=p+1+r+Bmif o =0, when g € (Sp(a ;3C))'. We know al-

def -(s+a)he £,

from section 4 that a tends to a,g = l(E)gE

g
1°N
strongly in (Em({E | I1E1l < 141}))" for every 1. So we get finally

€ S(a3C) and € > O

Bes 871 S I<gyma g, ¢>] + <o gymaig 9> + |<aig g 0> <

IN

1 t+ 1 0 1 t+ t+
Tl ol e 2o ol + 3 e Mol Tecllol P

7e first choose 1 = 1(e) so large, that the first and the third term
: right-hand side of the first line can be estimated and when we next

i 2 No(l(s),s) so that the middle term can be estimated. Therefore
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-oh-* . + -~
g.e ah g¢N(g) converges for N + « strongly in (S; r(am;C))'. If f e H(a;C)
satisfies
n . a (y)
(7.3) [£(z)| < Mk(1+lIZII) (1+llyll™) e for y e C, k=1,2,...,

then in the above where g = F_1(f) we take p + n + 1 + r instead of p and
m + n + 1 instead of m according to (6.9). In that case t is determined by
choosing r so small that the smallest integer larger than

p+n + 1+ (a+m+n+1)B+2r equals
(7.4) [p+n+ 1+ (atm+n+1)Bl + 1 = ¢

or if a = 0, the smallest integer larger than p + n + 2 + (m+n+1)g + 3r

must be equal to
(1.5) [p+n+2+ (mn+1)pl + 1 = t.
In virtue of (6.11) and (5.4) the Newton series (7.2) for functions

f satisfying (7.3) valid for y ¢ C,bh ¢ C and Re s 2 - o with a = O con-

verges according to:

' C
Ve > 0, V1, 3N (e,1) 2 N (s), V2 ¢ T © and VN > N
N a (y)
(7.6) If(z+i(s+a)n) - § () af flz+ian)| < eals) (™™ (el ™®e ™7,
k=0 1h

vhere N1(s) is determined by (5.1), A(s) by (5.4) and t by (7.4) if o > O
or by (7.5) if a = 0. Replacing z + iah by z in (7.6) we see that the
Vewton series (T7.1), which is valid for y ¢ Ck’h € Cl and Re s = - o with

y — ah € Cl’ converges according to

c
(7.7) Ve > 0, 3N (e) 2 N (s), Vz e T K ana v » N,
N Sy, Kk m+n+1 -t ém(y-ah)
|£(z+ish)- ) (J)a: £(z)] < eA(s)(1+]lz ) (1+ |l y-ahl| ™) e ,

k=0 k" 1h




lrr‘

t is given by (7.4) and again A(s) = 1/|T'(-s)|. As mentioned in

on 5.I there is uniform convergence in s on compact subsets of

s € C, Re s 2 - a}. Note that since we used (5.4), € depends on o in
If Re s 2 0, y may tend to zero within Cl in (7.1). Hence in virtue
ma 6.2 and the fact that t is independent of 1 in (7.7), the Newton
s (7.1) is valid in S' for y = 0. As we have seen in the derivation
.3), the series ¢N(£) and its derivatives converge absolutely.

fore the Newton series (T7.1) and (7.2) are absolutely convergent.

Finally we restate the results in

eam T.1. Let h € C with ||h]| < log 2/a(h) Zf a(h) > 0 or ||h|| arbi-
if a(h) < 0 and let f be an element of H(a;C), when the condition
lds for some B 2 0. If o > O Z8 such that y - oh € C, for some y ¢ C

such that h € C., the Newton series (7.1) is valid for this y and h,

s
Re s 2 - a. The ieries (7.1) converges absolutely in one of the norms
1;C) or more precisely it converges according to (7.7), when f satis-
(7.3); moreover, (7.1) is valid in S' for y € Clu{O} with 1 arbitrary,
e s 2 0. When Re s 2 - o with o 2 0 arbitrary, the Newton series
holds for all y € C and h < C; then the series (7.2) converges abso-
J in the topology of H(a;C) or more precisely it converges according
.6), when f satisfies (7.3). In both cases (7.1) and (7.2) converge

mly in s on compact subsets of {s | s € €, Re s 2 - a}.

VCTIONS HOLOMORPHIC IN TUBULAR RADIAL DOMAINS NOT HAVING BOUNDARY
LUES

Je have considered holomorphic functions of the complex variable

+ iy that, regarded as distributions in x, belong to S' for each

just as its distributional boundary value, i.e. the limit as y tends

ro within a compact subcone Ck' Now we will consider holomorphic func-
that belong to S' only for y € C; it turns out that they also belong

just as their limit as y tends to zero within C.

"irst we investigate when a function f, holomorphic in TB with B some
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open convex set inIBn, belongs to S' or Z' for each y ¢ B. We consider f
as an element of Z' (see H.4) under the definition:

(8.1) Yy € Z: <>, def J fx+iy)y(x)dx

H
ct

no

<£(z),¥(x)>.

The space Z(R") of the restrictions to R of functions in Z can be isomor-
phically embedded into SO, the space of rapidly decreasing continuous
functions in R" with the topology induced by the norms Il-llg, p=0,1,2,...
(see H.1). So any continuous linear functional on Z(R"“) can be extended to
a continuous linear functional on S0 in a unique way, since Z(R") is dense
in SO. Furthermore (SO)' c S', so that any element of Z(R")' belongs to
S'. Definition (8.1) means that f regarded as element of Z' is an element
of Z(R")' and thus this implies that f is an element of S' too for each

y € B. In lemma 8.2 we will see that conversely f ¢ S' for each y ¢ B
implies f ¢ Z' under definition (8.1).

In view of the use we will make in part II of lemma 8.1, f is con-
sidered there as an element of Ex for each y € B and there are no restric-
tions on the growth of f. Taking into account theorem 3.1 we see that F
transforms the dual of H = H(R") into E and that F~| transforms E into
the dual of H.

Lemma 8.1. Let f be a function holomorphic in TB with B some open convex

set in R* and let Yo € B. Then for all y with y + Yo € B

f(x+iy+iyo) = F(e—y'cg(yo)c) (x)

0ith g(yo) = F—1(f(x+iy0)) ¢ H'. Furthermore {f(x+iy)}y€K 18 a bounded set

in EX for any K «— B.

°roof. We have sup{|f(x+iy)| | x € S,y € K} < C(S,K) for any compact set

3 « R'. Since f is holomorphic, also the derivatives of f are uniformly
bounded on S x K by C1(e)-C (Se’Ke) where S_ and K_ are e-neighborhoods

>f 8 and K such that K« B and where C1(e) is a constant depending on €.

Therefore the second statement follows:




sup || £( x+1y)i[E <C for m=0,1,2,...
yeK m

Let p < 1 and choose e so small that y + Y, € B whenever

o))
H

for i=1,...,n.

e ne
Iyil £ —E)—

that also y + Yo € B when Iyil < e, i=1,...,m. For such an y
E' we have
X
<f(x+1y+1y0) = < Z —EXLQ—— f(x+iy0),¢x>.

jer to show that the series converges in Ex we use G.2. Ther

estimate
f(x+iy . +z)
1 . 1! 0
D7 £ (x+iy,)| < - J J |— 7 ldz <
T 2 = lz_l=n 2
1 n
< 1! —  sup |f(x+iy. +z)| .
- 0
n Iz |<n
iy*D - p N
|p* 2 -—4[———— f(x+iy )| < sup |f(x+iy +z)| sup == ) (y- -
0 0 -0
xeS lojsm n~ k=0
Iz, |<n
N
<C 2 pk < 79—- R
=0 =P
is independent of N. With ¢(z) = F(¢)(z) € H we now can wri
.. ° (<iy-D)E
Hy+iy ),0 > = ) <f(x+iy.), ——l ¢ > =
0'°"x E L 0 k! X
k=0
: (y2)® (—x-c)
= ) <ely,) s , E g(y,)
& 0t k! 0t
k=0
N (—ye )k
= lim < ) _u—k! e;(yo)(;,w(c)> = <g(y0+y)ca !
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Thus the weak limit for N - « exists in H' and since H is a Montel space,
the strong limit exists and equals e_y.cg(yo)g. Hence

£x+iy+iy,) = Fle™ %gly ) )(x)
0 0't
for y with Iyil < € ; by analytical continuation this formula holds for

every y with y + v, € B. 0O

Lemma 8.2. A function f, holomorphic in TB, is an element of Si for each
y € B if and only if for each compact set K «— B there are positive con—
stants M(K) and m(K) such that

ek

(8.2) [£(z)| < M(K)(1+]| x for z ¢ TV,

In this case f belongs to Z' too for each y ¢ B under definition (8.1).

Proof. It is clear that a function f satisfying (8.2) belongs to S' for

= F~1[f(x+iyo)] € Sé. Since Z(R") is

contained in the space of restrictions to R" of functions in H and since

each y € B. Take y, € B, then g(yo)

Z(R") is dense in S, lemma 8.1 holds with g(yo)‘E € Sé. Hence

F_1[f(x+iy+iyo)]g'= e_y.gg(yo)g € Sé

for all y with y + Yo € B- According to [11,26.2] the set

-y-£
{e g(yo)g}y K,
is bounded in Sé, whenever Vo * K1 = K is a compact set in B. Therefore
there are constants M(K), m(K) and o = a(K) such that the o-th primitive
§of f:

xt

def o !
F(z) == J J e J f(to+iy)dto dt,...dt
0’0 0

K)

satisfies |F(z)]| < M(K)(1+|Ix||)m( for all x ¢ R and y e K.

for any K @B there is an e-neighborhood KE of K also compact in B.




Cauchy's formula we find

£(2)] = ID°F(z)] < ¢, sup IF(2)] s cu(k) (1l 1))
xeRM
yeK8

is condition (8.2). [

From (8.2) it follows that for any Yo € Band ¥ €2
<£(z),0(x)> = <f(zHiy,),v(x+iy )>

fore the limit £ as y > 0,y € C of f(x+iy) exists in Z', namely
11 ¢ e 2

<f*,w> = lim <f(x+iy),y(x)> = 1lim <f(x+iy+iyo),w(x+iyo)> =
y=>0 y->0
yeC yeC

= <f(x+iy0),w(x+iyo)> .

limit £ is independent of the path y - O in C. Its inverse Fourie

form g = F—1(f*) is an element of D' and with ¢ = F[yJle D' we get

<ga¢>v = <f*,l1)>z = <f(x+iY),ll’(X+iY)>Z = ‘<g(y')gaey.g¢(g)>v =

< tg(y) 5008

_ V&
g = e g(y)‘E

iependent of y € B. Finally g(y), = e-y.ggg belongs to S

£ ', so that

g

f(z) = F[e_y.gggj(x) with g € D' and e-y.ggg € S' for all y € B

are corollary 5.2 and [11,26.2]). Remark that the limit f e Z' no




» obeys definition (8.1).

Ve now assume that B is an open convex cone C in R" and that f(z) is
»onential growth a for ||y || large. As before we can show that g ¢ D'
s support contained in 0(a;C), since we only need the growth of

| for ||y |l large and not for ||y|| small (see remark 6.3 and the proof
ma 6.1 in [11]). Let a be a continuous convex function on pr C and

[oo]
<
>}

K k=1 be as 1n A.3. So we have

:m 8.1. The following statements are equivalent
holomorphic in TC, has the property that for each k there are

ostitive numbers M(k) and m(k) such that

R

(2) = FLe™ " %g, 1(x), where g, i a distribution in D' with

E—y'éga € 8' for y € C and with its support contained in 0(a;C).

’he difference with lemma 6.1 is that there f(x+iy) attains a bound-
Wlue in S' for y - 0,y ¢ Ck and here only in Z', while in both cases
) belongs to S; for y € C.

'he next lemma shows that there are no cases "in between":

8.3. If the limit in A for y ~ 0,y € C of a holomorphic function T
ying (8.4) belongs to S', then f(x+iy) attains this limit also in

'y > 0,y € C_ and f satisfies the stronger condition

k

= n ., .
[£(z)] < M(k)(1+l|zllfn(1+¢[y||'m)ea(Y), z e R+ 1Ck’

L k and some m independent of k.

In virtue of (8.3) we have e_y-ggE € S' for all y € C u {0}. Let

~a vector y, e pr C. As in the proof of lemma (8.2) the set

-Tyo° &
te™ 70 &} 0<rei

nded in S' (see [11,26.2]). Indeed,
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_Tyong _Tyoog

e
=———————g +
1+e_'YO'E 2

ne can show that the function

_TyO- {—;
e

1+e_yo.E

ts derivatives with respect to £ are uniformly bounded for 0 < 1 < 1.
E.3 and the fact that the limit for T > O exists in D', we find that,

jing to (8.3), f(x+iy) attains its limit for y - 0,y ¢ Cy in S'.

the support of g is contained in 0(a;C) by theorem 8.1, g belongs to

~

) (see section 6) and in virtue of lemma 6.4 and (6.8) we get

12(2)1 = 1Fle™ fg ()| = I<g,e™ 51 < l1gll_ 1™ 001 <
< M(K) 1+l 2 D™ (1+]1y [1™™)e2 )
L1 y € C, and some non-negative m. []

k

[ndeed there are no spaces "in between'. For, if f satisfies (8.L)

[ moreover for some Yo € PT C

. 1 -1
If(x+1TyO)l < MO+ x )"0, 0<t<1,

.ts boundary value £~ belongs to S' according to the proof of lemma

low it follows from lemma 8.3 that f, has to satisfy (8.5) for some

¢ 8.1. If f satisfies (8.L4) and (8.6), then f must satisfy (8.5) for
o > 1 f does not satisfy (8.5)),
for a sufficiently large p, f¥ would not satisfy (8.5) with

1, > Pl + n + 2, which contradicts (6.10) and (6.11). Thus Hl(al;C
» embedded continuously into Hm(al;C)k+1 for all m > 1. It follows

> 1, for, if not (thus if for some m

)k

;he identity map transforms a neighborhood of zero in Hl(al;C) into a
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bounded set of Hm(a;C), m > 1, so that already the identity map from
. + .
Hl(al;C) into Hl 1(al;C) is compact (compare lemma 6.5).

Remark 8.2. If f, satisfying (8.4) and (8.6), would satisfy (8.5) for
)Eﬁﬁ

m = 1, then Hl(al;C_)k would be embedded continuously onto Hl(a ;C and

l’
Hl(al;c) = Hl(al;c)k for k=1,2,..., would be a Banach space according to
[8, corollary 3 of theorem 17.1].

9. TOPOLOGICAL SPACES OF HOLOMORPHIC FUNCTIONS NOT HAVING BOUNDARY VALUES
AND THEIR FOURIER TRANSFORMS

In this section we will give a topology to the space of holomorphic
functions satisfying (8.4) and to the space of their Fourier transforms,
such that Fourier transformation is an isomorphism.

We first give a topology to the space of holomorphic functions f
satisfying (8.4). It is quite obvious how we must proceed. Let

Ck Ck

. n 1
T =T " n{z | z=x+1iy e C | > =}
D y > Hyl =

] - - - .
and let {al}l_1 be an increasing sequence of continuous convex functions

on pr C converging to a as before (section 6). We define the spaces

H(a,;c) & proj lim ind lim H" (a k)

k> m->o

5C

1°7k?

and finally

Q
H

~k

H (ajc) <&

ind lim H*(a
]

l;c)'

We will find that H*(al;C) is a projective limit of nuclear LS-spaces and

that ﬁ*(a;C) is a strict inductive limit. However, to see this it is
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sary to give an equivalent definition of H*(al;C), which is less

, but which enables us to derive the above mentioned structure.
¥
k+1/m m=1

ly compact subcones of Ck+1 with

Jenote for any k by {C a decreasing sequence of convex rel-

pr Ck c pr C 1 € Ppr C 1 € pr C cpr C cpr C
k+ o1 k+ —ey k+ - k+ o k+1
=1,2,... and with
mg1 pr C 1 = pr Ck'

k+ —
m

.3 it follows that the following identity maps are continuous

Hm*(al;C k+1) ~» Hm*(al;C ,k+1/m) - Hm*(al;Ck,k),

k+1° k+1/m

1t according to F.5 and F.6 also

H*(a.3C) = proj lim ind 1lim Hm*(al;C

k> m-»oo

1° k+1/m’k+1/m)'

>w the identity map from H' (a

l;Ck+1/m,k+1/m) into

‘a1;Ck+1/(m+1)’k+1/(m+1)) is compact according to C.7. Also the con-

18 HS1 and H82 of G.T are satisfied. Hence H*(al;C) is the projective
of nuclear LS-spaces and it is itself nuclear and complete (see G.9
.2). Furthermore the bounded sets of H*(al;C) are relatively compact,

they are for each k bounded in the Montel space

1ded set in H*(al;C), being bounded in ind limm Hm*(a ;C k+1/m)

. 1°“k+1/m,
wch k, is for all k bounded in some H (a.;C ,k+1/m) where

13 k+1/m

k) depends on k and therefore bounded in Hm(k)*(a k) for all k.

l;Ck’
¥ H*(a;C) is nuclear and complete (see G.9 and F.1Lk), since the in-

re 1limit for 1 » « is strict, as we will see in the sequel (remark

‘t is less obvious how to topologize the space of inverse Fourier
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transforms g of £*, where f satisfies (8.14). We know already that

ge D', e_y.agg € 8' for y ¢ C and that the support of g is contained in

0(a;C) (see theorem 8.1). We will first investigate some more properties
of such distributions g. Taking into account (8.3) and (8.L4) we find that
the set

-y-£
{e gg} YOy
1/k< |1y | <1

is bounded in S'. Thus there are constants Ki and m(k) and functions

G' ,lal < m(k) (see B.5), such that
O,y

(y), = g, = pYa' (&)
e R mzm(k) oy

with G& continuous functions (the second order primitive of a bounded

L]

measure is a continuous function), which satisfy

m(k) 1
» ¥y € Gy o < Hy Il < 1.

|G;

O“y(g)l <K (+llell)

Furthermore, ey.gg(y)g =g € D' is independent of y, thus for each k

there are constant Kk and m(k) and functions Ga,lal < m(k), such that

g= ) p%G

lo|<m(k) o

where G are continuous functions with support in an e-neighborhood of
0(a3;C) satisfying [Gd(i)ls Kk(1+|l£;]|)m(k)ey'g for all y € Ck with
1/k < |lyll £ 1, so that

)m(k) inf AL
ye Ck

T/k<|ly Il <1

(9.1) l6, (&) = x 1+l

(o}

Now we are able to describe the space of distributions g, but before
doing this we give simpler weight functions defining the same topology as

the weight function




M;(E) def inf A
yeCx
1/k<|ly 1 <1

mind of the numbers 6k defined in A.L. We can take the

Ck of C so, that the sequence Gk is decreasing. Thus

K > 6k+1 > 0 for all k=1,2,... and l:Lmk Gk = 0. Since

ly Il 1l £1l cos(y,E), we can find for each k an integer

*
for all € ¢ Cp+1

1 - 1 . 1
8, - > — | > inf £ 2§ —
e NEN =3 liell af yeexs gl
ye P
/eyl <1

fine two more weight functions, which will give the sa

ibutions g, namely

1 1
o, . dger wHEI 3 def e‘sk x &l

Mk(g) == e and M ==

ve seen in (9.1) that, for all k,g is an element of th

kx def e o kx .
S (al; )i == proj lim Sm (al,C)i
m—>oo
kex def mdy. 5a s
Sy (81305 == W, (((+1121)"M (£); Olay50))

we take 1 = 1. Hence g belongs to

Q
H

e

proj lim(Sk*(al;C) )

S*(al;C)' ]
k- *

is independent of i in virtue of F.6. Indeed, for all

such that the following maps are continuous

kx * * *
S (al;C)3 > gP (atl;C)2 > gP (al;C)1 > gP (al;C)

5T

ict sub-

re

i, such

.ce of

ng dual of

re is a
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according to F.5, (9.2) and the fact that the set (C;H)c n ﬁ(al;C) is
compact. For i=2, S*(al;C)' is defined in the simplest way, but we prefer

i=3 and in the sequel we delete the subsecript 3, so that

k* def _kx
S (al;C) == g (al;C)3 .
Finally we define
8" (a3c)" def ;nd 1im S*(al;C)' .
15

According to G.k Sk*(a

3.6 (Sk*(al

limit of nuclear LS-spaces and therefore it is itself nuclear and complete.

l;C) is an Fg—space and according to G.5 and
;C))' is a nuclear LS-space. Hence S*(al;C)' is the projective

Furthermore, according to G.5 (Sk*(al;C))' is a closed linear subspace
>f (Sk*GRn))'; hénce the projective limit S*(al;C)' is a closed linear
subspace of proj limk (Sk*GRn))', so that S*(al;C)' is a closed linear

subspace of S*(a C)'. Therefore the inductive limit for 1 - = is a

1+1°
atrict inductive limit of complete spaces and it follows from G.9 and F.1L
that g*(a;C)' is nuclear and complete.

Like lemma 6.3 we have here too:
semma 9.1. For any z = x + iy, with y € Cy and lly Il > 1/k,
elz-g c Sk*(

al;C)g

AR

roof. For all m we estimate the norms of el

Iyllz 1/k + ¢

, When y ¢ Ck with

1
6, FlIEN ,p

(9.3) ([ 5|1k &L sup  (1+11€11)"e = e8| < as in (6.7)
g £eD(ay;C) clad
|p|<m
1
~Cly 1= 3)8 1g |l
< sy (g™ NNz 1Pe R
£€Cyg
Ip |<m

" ~
S, —d +a_(y)
Hzllpe kk k1

<

+ sup (1+dk)m
lp|<m




m al
< C(m,k,e)(1+]|zl) e

(¥)

iing to (6.8). 0O

[n particular (9.3) holds for y e Ck—1+1/m with |ly |l =2 1/(k-

clear that in lemma 9.1 also e12°£ € Sr*(al;C) for all r 2

g

ore it has sense to formulate the following lemma.
9.2. For any y € C and g € S*(al;C)'

F[e~y’€g€](x) = <gg,eiz'g> .

- We know that for all y, ¢ C and all g ¢ S*(al; )!
e-yo.gg e S
. .

1, let us take Yo € Ck’ then in virtue of the fact that for

¥ E < - Nyl s llell < el

3 |-

-6
1Y

large enough and the fact that (C;+1

;ion by exp(-yo-g) is a continuous map from S(al;C) into s

)€ n G(al;C) is compact

.1 r 2 p. Hence multiplication by exp(—yo—g) is continuous f

,C)' into S'(al;C). Thus

_yoo g
= ' .
e & g(yo)g € S (al,C).
s choose any ¢ C, say y € Ck' Then according to lemma 9.1
k* _ ‘ _
e 87 (a;5C). Take y; =6, / (kllyll) y, so that Iy Il = §

mltiplication by exp(yo'i) is a continuous map from Sk*(a 3
). In particular
Yo E*ize£ ) 1(z—1yo)-£

e e S(a.;C).

e 13

» can apply lemma 6.k
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Fle™ " Cg, 2(x) = FLeT/0%6g, 0T8T E1(x) = qq(y) et (771005,

= <eyo°£g(yo)€,eiz'g> = <g£,eiz'g>. 0

Like theorem 6.1 we have
Theorem 9.1. The map F: §*(a;c)' > ﬁ*(a;C) gtven by F(g)(z) = <g£,elz'€>
for g e §¥(a;C)' is an 18omorphism.

Proof. From theorem 8.1, (9.4), lemma 9.2 and the fact that Fourier trans—
form in 8' is 1-1, it follows that F in & 1-1 map from S (al,C) onto

H (al,C). In order to prove the continuity of F it is sufficient (see F.5)
to show that, for all 1 and k, F is a bounded map’ from the bornological and

k* . v s . .
regular space (S (al,C)) into ind llmm e (al,Ck 1,k-1).

So let B be a bounded set in (Sk (a C)) , this means that for some m
k*
B c (Sm (al,C)) and, for all g e B, IIgI! *< K for some K > 0. The

images f = F(g) satisfy according to (9.3)

. : a (y)
1z° & 1Z° & k*x m 1
= < < < +
| £(z)] | g;»e > | <K ||e llm Km,k(1 Nz l]])" e
for y e Ck with ||yll 2 1/(k=1). Thus F(B) is a bounded set in
™ (a Cy_ 15K k-1) and therefore bounded 1n ind 11m il (al Che_ 1,k—1).
Next we prove the continuity of F . Again 1t would be sufficient to

show that, for all 1 and p, F_1 is a bounded map between the LS-spaces
ind llm i (a Ck+1/ ,k+1/m) and (Sp*(a ;C))' with k > p depending on p.

30 we may start with a bounded set in Hm a 5C k+1/m) for some m, which

k+1/m’
1s certainly bounded in Hm al Ck,k) Therefore let us start with a bounded
set A in Hm* l Ck,k), where k will be determined presently. Elements of A

are holomorphic in Tk with I = Ck’ so that we cannot expect that
“H(a) < (8P (ap300)".

We choose a positive integer p and we take k so large that

1 1
- < § —.
k PP

Let Yg € Ck be such that
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1 1
L llygli< s, L.

f(z+iyo) is holomorphic in R" + iCk u {0} for f € A and it satisfies

n él(y+yo) al(y)

[£(z+iy )| < MOz 1)"e s (Hlz D" e T,

~ . :1"' + =~ l+l Sl~
a, is homogeneous and convex gal(y yo) al(gy gyo) 28,

, according to lemma 6.1 and (6.2), the set B' = {g(yo)|g(yo) =

- . . . n+1 . '

f(x + 1yo)], f ¢ A} is bounded in (Sm+n+1(al’ck)) , thus also
4 ) , . .. )

2d in (Sm+n+1(al’ck)) . Since [|y0||< Sp/p, multiplication by

*£) is a continuous map from Si*(

that the set

; al;Ck) into Sm(al;Ck) for every

Yo .
B={g| g = e g(yo)g, g(yo) e B'}

. p* . '
mded in (Sm+n+1(al’ck)) .

et y be such that y +y, e Cp and I|y+y0||> 1/p, then as in lemma 9.1

i(x+i(y+yq)) ¢ px,_ .
e 0 €‘ S (alack)‘

ling to lemma 6.1 and lemma 6.4

f(xtiy+iy ) = F[e_y.gg(yo)g](x) = <g(y0)£,elz.g> =
= <g(yo)€’eY0°£ei(x+i(y+yo))-g> =
- <0 g(yy), et L)) G,
t F(B) = A. Hence F_1(A) is bounded in (S§In+1(al;ck)>" thus F~ is

wous from H*(al;C) into (Sp*(al;Ck))' in virtue of the definition of
'ojective 1limit (F.1) and F.11. Ofcourse this is true for any larger

that F_1 is continuous from H (a C) into proj 1imk (Sp*(a 5C. ).

13 1°%k
ling to G.5 (Sp*al;Ck+1))' is a closed linear subspace of
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* .. *
(sP (al;Ck))'; hence proj llmk (sP (al;Ck))' = (Sp*(al;C))' . So we have
found that F_1 maps H*(al;C) continuously into (Sp*(al;C))' for each
0=1,2,..., thus into S*(al;C)' according to F.h, []

Remark 9.1. In fact we have shown that

F maps a bounded set A of H (a,;C), that is a set bounded for

15
(9.5) each k in Hm(k)*(al;Ck,k) with m(k) depending on k, into a
* . 1 > 3 p* . |
bounded set B of S (al,C) that is bounded in (Sm(q)+n+1(al’c))
for each p=1,2,..., q = q(p) > p/6p,
and that )
p F maps B into a bounded set of H*(a ;C) that is bounded in
(9.6) (q)+n+1* 1
i (al;Cp,p—1) for each p=1,2,...
lemark 9.2. We see that S*(al;C)' and H*(al;C) are isomorphic and since
ind liml S*(al;C)' = $¥(a;C) is a strict inductive limit, ind liml H*(al;C)=
~%

: H (a;C) is a strict inductive limit too.

0. NEWTON SERIES FOR NON-ENTIRE FUNCTIONS WITHOUT BOUNDARY VALUES

In this section we derive the Newton series (1.1) for functions in

?(a;C), when a more general condition than N, holds.

B

Let a cone C ¢ R and a convex function a on pr C be given. As in

6.3) the increasing sequence of convex functions a. on pr C cannot be

1
wbitrary, but there is a bound for the velocity with which a(y) - al(y)

;ends to zero as y approaches the boundary of pr C. We assume this bound

0 be larger than in (6.3), namely the condition on the function a; must

‘ield the property

for any £ € SG(al;C) the distance 4, from £ to 30(a;C) satisfies

g

10.1) dg > elK(n)e'”IIEII for all 1 2 n > 0 (£#0),

where 0 < e, . < e, <2 for 1=0,1,2,... and 1 = K(n) > 0.
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n) 2p >0 for all 1 2 n > 0, property (10.1) is identical to NB (6.3)
B = 0; in all other cases, namely when K(n) tends to zero as n >0,
rty (10.1) is more general than (6.3) for every 8 > 0. Instead of

we now get
) VE € Q(e(g)): IDk¢N(g)| < C(s,k,a,n) el Ell onE

11 12n>0and o 2 0. A similar formula holds instead of (5.4).

As in section T we suppose that h is a vector in C and that for any

r C, whenever h = ||hlly, [|h]l < log 2/a(y) in case a(y) > 0 or |/ h||
rarily large in case a(y) < 0. Furthermore, there is a positive number
eanding on y and h, where y € Ck’ Hyll> 1/k and h € Cr(rzk), such

for s ¢ C with Re s 2 - o

Cr
Z + ish € T .
r

s 20 always y + (Re s) h € C for all y and h in C.

Jlke lemma T.1 we have

10.1. Ify e Ck’ ly Il > 1/k, h € Cp and Re s 2 - a as above, the
1ce elZ.£¢N(€) tends for N » « to etz E-shet . Sp*(al;c) for all 1

> r, when in SP*(al;C) the property (10.1) holds.

According to lemma 9.1

eiz-g-kh-g _ ei(x+i(y+kh))°£

for k=0,1,2,... and
eiz'g—sh-g _ ei(x-Im sh+i(y+Re sh))-¢

© to Sp*(al;c) for all 1 and p 2 r. Furthermore, the sequence con-

in each point £ € 0(a;C). We show that the set {elz.€¢N(E)};=o is
d in Sp*(al;c), from which the lemma follows by means of G.2. Choose
Ck with ||y ll> 1/k and a h € Cr such that || y-ah|| 2= 1/r + €; now

n < e . Using (10.2) we get for p > r




6L

iz

*
£ P
¢N(g)llm,l <

le

N
C(s,asasn) (11 g IR eI EI+ S /pIIEN + aheg) a° dz-g)
;C) 3ed

él(y)v

<C sup

Ee@(al

m
< C'(s,m,e,n)( 1+l z]])" e

as in (9.3). O

With this lemma we derive the Newton series like we did in (7.1) for
functions f in H (a;C), where the condition that yields property (10.1)
holds

(10.3) f(z+ish) = § (%) a¥ £(2),

k=0
valid for all y‘eCk with |ly|l> 1/k, h € Cr (rzk) and Re s = - a, where
o > 0 depends on y and h such that y - o h € Cr and || y=ah|] > 1/r. In

order to describe ~he convergence we prefer to write the series as (compare

7.2)
(10.4) f(z+i(s+a)n) = §

valid for all y € C and h ¢ C, when Re s 2 - o with o = 0 arbitrary.
-oh-§

According to (10.2) multiplication by e ¢N(g) is a continuous
map for each r from Sr*(al;C) into Sp*(al;C) for all p > r. Therefore the
sequence {gE e—ah-€¢N(g)};=1 converges weakly in (Sr*(al;C))' for each r

if g e S*(al;C)' and since Sr*(al;C) is a Montel space, it converges in
the topology of S*(al;C)' (see F.10 and F.1). In virtue of theorem 9.1
the series (10.4) converges in the topology of ﬁ*(a;c). This yields the
convergence of the series 10.3, namely in one of the norms of the topology
>f ﬁ*(a;C). Thus (10.3) and (10.4) certainly converge uniformly in z on
compact subsets of TC.

Let us consider more precisely the convergence of (10.3) and (10.L4).
Jike in section T we can show that the sequence {gE e_ah.g¢N(£)};=o with
* *

r . .
I e(Sm(r)(al;C))'converges strongly in (Sﬁ(r)(al;C))' for all p > r. Let
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f be holomorphic in TC and satisfy for all k=1,2,...

~

m(k) al(y)

(10.5) [£(z)| <M (1+llz]]) e for y e C,_ with ||yl > 1/k.

k

Furthermore, let for each p=1,2,... kp be such that

oo
p

3 |

p

Then using (9.5) and (9.6) we find that the Newton series (10.4), valid

for y e C, h € C and Re s 2 - a, a = 0, converges according to

C
Vp,Ve > 0, HNO(e,p) > Nj(s), Vz € Tp€1 and VN 2 N
(10.6) N
I£(z+i(s+a)n) = ) (%) &% £(z+iah)| <
L k 1ih

k=0 R

m(k_)+n+1 2, (y)
< eA(s)(1+llzll) P e

9

where N1(s) is determined by (5.1) and A(s) by (5.4). Similarly the series
(10.3), valid for y € Ck’ Hyll> 1/k, h € Cr and Re s 2 - o with y - oh € Cr

and || y-ohl]| > 1/r, with f satisfying (10.5) for this k converges according
to

c
Ve > 0, 3N (e) = N (s), Vz e Tpf1 and VN = N,
(10.7) N . m(k)+n+1 él(y-ah)
|£(z+ish) - ] (r)A? £(z)| < eAls)(1+]z]]) e
r=0 th

with p such that Gp/p > 1/k.

We restate the results in

Theorem 10.1. Let h e C with ||hl| < log 2/a(h) Zf a(h) > O or [lh || arbitrary
if a(ﬁ) < 0 and let f be an element of ﬁ*(a;c), where the condition that
ytelds property (10.1) holds. If o« > O ©8 such that y - ah € C. and

|| y=ahl|l > 1/r for some y ¢ C and r such that h e Cp.o the Newton series
(10.3) is valid for this y and h, when Re s > - o. The series (10.3)
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converges absolutely in one of the norms of H*(a;C) or, more precisely,

i1t converges according to (10.7) when f satisfies (10.5) for k with

y € Ck’ Hyll > 1/k. When Re s =2 —= q with o = 0 arbitrary, the Newton series
(10.4) holds for all y € C and h € C; then the series (10.4) converges
absolutely in the topology of ﬁ*(a;c) or, more precisely, it converges
according to (10.6) when f satisfies (10.5). In both cases (10.3) and

(10.4) converge uniformly in s on compact subsets of {s | s € C,s = - a}.

Remark 10.7. With the same conditions as in theorem 7.1 or theorem 10.1
the formula
(-1 k

xS £(2)

can be derived; this has been done in [3] for entire functions, where also

other formulas, which need compact supports, are given similarly to theorem

L.1.

Remark 10.2. It seems unnecessary to take the strict inductive limit as

a; tends to a in ﬁ*(a;c) (see remark 9.2), since all the lemma's and
theorems have been derived for each ay seperately; also we could have
avoided the strict inductive limits for k » « in (3.6) (remark 3.2) and
for 1 > » in (6.5) and (6.6); However, in a subsequent paper these in-
ductive limits will be no longer strict and they will be essential. There
we do not require that the function f holomorphic in TC is of polynomial
growth in || x|| , but it may be of exponential growth in ||z || . In that case
f(x+iy) belongs to D; for each y € C and f is the Fourier transform of an
analytic functional in Z'. We will prove a theorem concerning functions

f of exponential type, holomorphic in a tubular radial domain, and the

sets carrying the analytic functionals of which f is the Fourier transform,

similarly to lemma 6.1 and theorem 8.1 of this paper.
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